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Chapter 1

Introduction

1.1 Superconductivity and proximity effect

Superconductivity is a physical phenomenon that occurs in many chemical elements,
compounds and alloys. Electrical and magnetic properties of materials in the superconduct-
ing state differ significantly from the same properties in a normal state. The phenomenon of
superconductivity was discovered in 1911 by H. Kammerling-Onnes in his study of the re-
sistance of mercury. He found that when cooled below 4.2 K, mercury’s resistance vanishes
abruptly. Normal state can be restored by applying a sufficiently strong current (greater
than the critical current) across the material or putting it in a sufficiently strong external
magnetic field (greater than the critical magnetic field ).

The first theory, that successfully described phenomenology of the electrodynamics
of superconductors, was the London theory (1935). The Ginzburg-Landau theory (GL
theory), is also a phenomenological theory, but it takes into account the quantum effects
to describe the superconductivity by introducing the effective wave function ( the order
parameter) . Since the GL theory was based on the theory of phase transitions, it is
valid only near the critical temperature of superconductor. In 1956, L. Cooper suggested
the idea of bound electrons, Cooper pairs, which can arise for arbitrarily small attraction
between electrons which are near the Fermi surface. Based on this idea, Bardeen, Cooper
and Schrieffer formulated microscopic theory of superconductivity (the BCS thery). Since
Cooper pairs are bose particles, at a temperature below Ty they can accumulate in the
ground state described by a single wave function. Consequently, such condensate can flow
without dissipation. L.P. Gor’kov developed the microscopic theory of superconductivity
further (1958) via application of the method of Green’s functions.

In the last few years investigation of superconductivity was directed on study of su-
perconductors with unconventional pairing mechanisms and Cooper pair symmetry and on
study of hybrid structures with superconductors. There exist many interesting phenomena

in hybrid SN (superconductor-normal metal) structures. Cooper pairs can penetrate into



normal metal at some distance which in the diffusive case (i.e. when electron scattering
mean free path is small) is proportional to (%)1/ 2 where Dy is the electronic diffusion
coefficient. So, superconducting properties can be induced near the interface on this length
scale. This effect is called the proximity effect. In hybrid structures which consist of two su-
perconductors that are connected via a weak link region (dielectric material, normal metal,
constriction) there is, a so called, Josephson effect: the current flows through the junction
without dissipation if the current is smaller than the critical value, Io. This supercon-
ducting current, Ig, is 2w-periodic function of the phase difference ¢ of wave functions of
superconducting electrodes and for the simplest case is given by Is = I sin(y).

There is a considerable interest in Josephson structures containing ferromagnetic
materials in their weak link region [1]- [4]. The proximity effect in SF structures leads to
the penetration of superconducting correlations into ferromagnetic metal to a length of the
order (%)1/ 2 in the diffusive case, where H is exchange energy of ferromagnetic material.

Unlike SN structures, in SF structures these correlations are not only attenuated on
the coherence length, but also oscillate as a function of the thickness of the ferromagnetic
layer. Such behavior of the wave function can be qualitatively explained as follows. Cooper
pair, consisting of electrons with opposite momenta and spins penetrates through the SF
interface into the ferromagnet. In the presence of exchange field H in a ferromagnetic
material, electrons with spins oriented along the field decrease their energy by H, and
electrons with spins directed against the field, increase their energy by H. Therefore, in the
presence of an exchange field the Cooper pairs have a non-zero momentum, which leads to
oscillation of the wave function in ferromagnet (see Fig.1) [5]. This phenomenon is similar
to the Fulde-Ferrel-Larkin-Ovchinnikov oscillations in magnetic superconductors [6], [7].

Due to the oscillating character of the wave function, the critical temperature of a
structures containing a ferromagnetic layers behaves nonmonotonicaly [8] - [11]. For the
same reason the critical current /- in SF'S junctions oscillates as a function of the thickness
of ferromagnetic layer. The junction changes the states with positive values of the I to
the states with negative values of critical current ( 0 — w-transition). This phenomenon was
predicted theoretically in [12] for Josephson junctions with magnetic impurities within the
dielectric layer and in [13] - [14] for SF'S junctions in the clean and dirty limits. The first
experimental evidences were found in [15] - [18] .

To study the proximity effect in SF structures, one can use the methods of quantum

field theory [19] - [24]. The structure can be described in terms of Green’s functions that
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Figure 1.1. Proximity effect in SN structure, SF structure with uniform magnetization and
SF structure with nonuniform magnetization.

J

satisfy the Gor’kov equation. In metals with high concentration of impurities, mean free
path is small compared with all other lengt scales (dirty limit). In this case, the Green’s
functions in the first approximation are isotropic, allowing us to use the Usadel equation [25]
for Green’s functions averaged over the Fermi surface. In the stationary and equilibrium

case these equations have the following form

DO, (g0,g) — walkos60, g] — i[koh, g] — i[AkoTads, ] = 0,

where ¢ is an 8 x 8 matrix in Keldysh x NambuxSpin space, k;, 7;, 6 are Pauli matrixes (1 =
0,1,2,3), D = vl/3 - is the diffusion coefficient (v is the velocity at the Fermi surface and [ is
the mean free path), w, = 7T (2n+ 1) is the Matsubara frequencies ( n = 0, £1,42...), A is
the pair potential (it is nonzero for superconductors and is zero for other materials). Matrix

h describes ferromagnetic properties in Usadel equation. For example, if the ferromagnet



has monodomain structure and its magnetization vector lies in the (y, z) plane then

h = H (7303 cos a + To03 sin ),

where H is exchange energy of ferromagnetic material.
Matrix g in the Keldysh space can be represented as
Gt GE
9= )
0o G4
where G®, G4, G¥are retarded, advanced and Keldysh parts correspondingly. There is also

a normalization condition

g =1,

from which one can obtain that retarded, advanced and Keldysh Green’s functions are

connected via the expression

G = GIf - fG4,
where f is the matrix distribution function, therefore one can content oneself with only the

retarded part of matrix g.

In the Nambu space, the retarded part can be represented as follows:

GP =G+ F =73g" + 7og™ + ito f +ir [, G" = .
—fR+Zth _gR+gRt

In the spin space we have

Jo+ f3 0
fR:U3f3+JOfO7fR: 7th:UIf17
0 fo—f3
9o+ 93 0
9" = o0g0 + 0393, 9" = , g™ = 020,

0 9o — 33
where f3 go are singlet Green’s functions, fj g3 are triplet Green’s functions with zero pro-
jection of spin, and fi, g» are triplet functions for correlations with nonzero spin projection.

Usadel equations must be supplemented by boundary conditions obtained in [26]

0,290 _ ¢,0,992
’71916T = 2g26r’
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vB&191 % = [91 ) 92] )

interconnecting functions on atomically sharp interfaces of materials. Parameters v =

Z fgf ,YB = % are the suppression parameters at the SF interface. Here & o, p12 are the
coherence lengths and resistivities of the first and second metals respectively, Rg, Ag are
the resistance and the area of interface. Applicability of these equations and boundary
conditions is justified, if the value of the exchange energy is much smaller than the Fermi
energy.

For several cases, the so-called, ® parametrization is useful. In this parametrization,

Green’s functions G and F' can be represented as follows

Wn, )

Y F = )
G+ PP, \/ W+ DT,

where w = w + iH. In this parametrization ® = A in a bulk superconductor and the

G:

normalization condition is automatically fulfiled thus decreasing the number of equations.

1.2 Motivation

The existence of the oscillatory dependence of the critical current on the distance
between superconducting electrodes has been reliably confirmed in a number of experiments
using a variety of ferromagnetic materials and types of Josephson junctions [27] - [42]. Use
of 7 transitions, for which the critical current has a negative value, has been discussed in [43]
- [47] for the implementation of qubits and for superconducting electronics. However, these
structures have some significant drawbacks, limiting their application.

The first of them is the small magnetude of the characteristic scale penetration of
superconductivity in a ferromagnet. Indeed, analysis of existing experimental data [27] - [42]
shows that the value of the exchange energy, H, in ferromagnetic materials scales between
850 K +2300 K. Such large values of H lead to effective decay length, £p1 =~ 1.2 +4.6 nm,
and period of oscillations, {ms ~ 0.3 =+ 2 nm, of thickness dependence of a SFS junction
critical current, Io. These values turned out to be much smaller compared to the decay
length, {n ~ 10 + 100 nm, in similar SNS structures. This fact makes it difficult to
fabricate SF'S junctions with reproducible parameters. It also leads to suppression of the
Ic Ry product thus limiting the cutoff frequency of the junctions. Since a search of exotic
ferromagnetic materials with smaller value of H is a challenging problem [42], one has to

seek for another solutions.



One possible way to increase the decay length in a ferromagnetic barrier is the use of
the long-range proximity effect due to induced spin-triplet superconductivity [2], [77], [58]-
[60] in structures with nonuniform magnetization. If magnetization of a ferromagnetic
barrier is homogeneous, then only the singlet component and triplet component, with pro-
jection S, = 0, of the total Cooper-pair spin are induced in the F region. These super-
conducting correlations are short-ranged, i.e. they extend into the F layer over a short
distance of the order of &pp = \/W in the diffusive case. However, in the case of
inhomogeneous magnetization, e.g. in the presence of magnetic domain walls or a SF
multilayer with noncollinear directions of magnetization of different F layers, a long-range
triplet component (LRTC) with S, = +1 may appear (see Fig.1). It decays into F region
over distance {p = \/W (here Tt is the critical temperature of the S layer), which is
a factor \/W larger than &g;. The latter property might lead to the long-range effects
observed in some experiments [62], [63], [64]- [68].

The transformation of decay length from £z to £ might also take place in the vicin-
ity of a domain wall even without generation of an odd triplet component [79] - [87]. This
enhancement depends on an effective exchange field which is determined by the thicknesses
and exchange fields of the neighboring domains. If a sharp domain wall is parallel [83], [86]
or perpendicular to the SF interface [87] and the thickness of ferromagnetic layers, d; < &gy,
then for the antiparallel direction of magnetization the exchange field effectively averages
out, and the decay length of superconducting correlations becomes close to that of a single
nonmagnetic N metal {p = \/m It should be mentioned that for typical ferro-
magnetic materials g is still small compared to the decay length ({5 = 100 nm ) of high
conductivity metals such as Au, Cu or Ag. This difference can be understood if one takes
into account at least two factors. First, typical values of Fermi velocities in ferromagnetic
materials (see e.g. the analysis of experimental data done in [39], [40]) are of the order of
2 x 10° m/s, about an order of magnitude smaller than in high conductivity metals. The
second factor is the rather small electron mean free path in ferromagnets, especially alloys
like CuNi, PtNi, etc.

The second disadvantage of the existing SF'S structures lies in the difficulty in orga-
nizing the control of the magnitude of the critical current. Control of the critical current
of SFS junctions can be achieved by changing the direction of the magnetization vectors
of the ferromagnetic layers. Such management has much in common with the giant mag-

netoresistance effect [48| - [49]. The possibility of such a control in SFS junctions having



different complexities of weal link region has been intensively discussed earlier. The first
group of suggestions was concentrated on tunnel SFIFS Josephson junctions which consist
of SF sandwiches separated by dielectric (I) layer [59], [50]- [54]. It was shown that switch-
ing from parallel to antiparallel direction of F layer magnetization vectors may result in
enhancement of critical current of these devices as well as in transition from zero to 7 states.
However, practical realization of this switching is complex task, which is difficult to imple-
ment. The next class of SFS junctions exploits the idea of interplay between singlet and
odd triplet superconducting components inside a Josephson structure [58], [60], [55]- [57].
In SFSF devices [60], where one of the F films is screened from the external magnetic field
by a superconducting electrode a change of direction of the upper F layer magnetization
can be more easily realized than in junctions having two or more F layers between super-
conducting banks. Unfortunately, to implement the effective I modulation it is necessary
to fit two alternative conditions. On one hand, thickness of the S layer in the FSF part of
the structure must be large enough in order to have a reasonable critical temperature [88].
On the other hand, to provide the connectedness of the magnetization directions of the
F films, which is a necessary condition for generation of the odd triplet component, this
thickness must be small. Similar problems occur in realization of FSF spin valve devices
(see e.g. [89]). Recently, the possibility of experimental realization of deflection of the
magnetization direction of one of F layers from the initial antiferromagnetic configuration
of F films has been demonstrated in spin valve structure designed to control the critical
temperature of superconducting film [89].

In this work, research focused on finding solutions to eliminate the above-stated
deficiencies in SF'S Josephson junctions with traditional geometry. To this end, new types
of SFS Josephson junctions were suggested in which the weak links are composed from
NF, or FNF multilayer structure. This work aimed at carrying out theoretical studies of
processes in these structures and proof of the fundamental features, such as extending the
period of oscillation and the scale of the decay of the critical current to values of about &y,

and organization of effective control of the magnitude I.

1.3 Contents of Chapters

In Chapter 2, S-FN-S Josephson junctions are discussed. These junctions are made

of two massive superconducting electrodes, connected by an NF bilayer. It is assumed that



supercurrent flows in the direction parallel to the FN-boundaries of composite weak-link
region.

In section 2.1, S-F'N-S structures are described in the framework of the quasiclassical
Usadel equations in the limit of thin ferromagnetic and normal layers. The assumption
of small layer thickness significantly simplifies the problem and gives possibility to find
analytical expressions for the Green’s functions. From these expressions an expression for
the critical current of the structure is obtained. The critical current is expressed as the sum
of two terms, which correspond to one of its wave vectors.

In section 2.2, the analysis of the wave vectors and the critical current obtained in
section 2.1 is performed for a number of limiting cases. It is shown that in the limit of large
resistance of the FN boundary the films are practically independent and the critical current
flows through two independent channels. In the ferromagnetic film there is a slight increase
in the scale of the damping and period of oscillations of the critical current, and in the
normal film oscillations appear, but with a much greater period £y. In the limit of small
resistance of the FN boundary two cases are considered: highly conducting ferromagnet
and highly conducting normal metal. In the first case, the structure is similar to an SFS
junction, where critical current decays very sharply, while in the latter case one of the wave
vectors can produce oscillations of the critical current with period and scale of decay of
the order of &y. Thus, in Chapter 2 it is proved that in S-FN-S structure the scale of
the damping and the oscillation period of the critical current can be significantly increased
compared with the same parameters for the SF'S junction, since the use of a FN structure
as a material of weak region reduces the effective exchange energy of the ferromagnetic film.

In Chapter 3, the S-FNF-S Josephson junction is considered. Such junction consists
of two massive superconducting electrodes, connected by an FNF trilayer. In this chapter
the possibility of controlling the critical current in the Josephson junctions is discussed. The
direction of magnetization of one of the F-layers can be fixed using an antiferromagnetic
substrate. It is assumed that the magnetization vector of the other F layer can vary both
in magnitude and in sign, being collinear with the first.

In section 3.1, the approach is described to study S-FNF-S junctios in the framework
of the quasiclassical Usadel equations in the limit of thin ferromagnetic and normal films.
Under the assumption of thin layers, the analytical expressions for the Green’s functions
are obtained, through which an expression for the critical current of the structure can be

found. The critical current can be expressed as the sum of three terms with corresponding
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wave vectors.

Section 3.2 presents analysis of the wave vectors and critical current for a number
of limiting cases. It is shown that for equal values of magnetizations, both the sign and
the absolute value of the critical current of the structure are analogous to that considered
in Chapter 1. In the limit of large resistance of the FN interface the films are practically
independent. In the limit of high conducting film the two wave vectors are equal to the
partial wave vectors of ferromagnetic films, while the third wave vector describes the os-
cillations of the critical current with period and the scale of the decay on the order of &y.
Furthermore, it is shown that for a strictly antiparallel orientation of magnetizations the
average exchange energy is zero, so the critical current does not oscillate. Also, there are no
oscillations of critical current at the some value of the exchange energy of one of the ferro-
magnetic layers. The critical current is always positive at equal in magnitude and opposite
in direction magnetizations. Therefore, when switching the magnetization from parallel to
antiparallel configuration, the critical current can remain zero state or change the sign. The
critical current can also significantly change its value. The maximum absolute value of the
critical current is achieved for unequal magnetizations in the 0 state and the 7 state. Thus,
in Chapter 3 it is proven that the S-FNF-S junction is useful for the control of both the
value and sign of the critical current, while maintaining advantages of S-FN-S structures.

In Chapter 4, the S-FNF-S Josephson junction is considered in the general case when
the magnetization vectors of the F layers are noncollinear. The possibility of the critical
current control by rotation of magnetization vectors is discussed. At angle a # 0,7 in
addition to the singlet (Y11) + (¥1) and triplet (1) — (1)) ) components also the
equal spin triplet components (1¢4) and (1)) arise, which also contribute to the critical
current. Chapter 4 shows how these triplet correlations affect the critical current of the
structure.

In section 4.1, an approach to the description of the S-FNF-S junctions is developed
in the framework of the quasiclassical Usadel equations in the matrix form. The regime
of thin ferromagnetic and normal layers is discussed. It is then shown how components of
the matrix condensate functions can be obtained in the presence of triplet superconducting
correlations.

In section 4.2, it is shown that the expression for the Green’s functions obtained in
Section 4.1 can be significantly simplified in limit of high conducting normal film. In this

case, the analytical expressions for the critical transition current and wave vectors structure
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is obtained.

In section 4.3, we analyse the wave vectors for the limiting case corresponding to
the high conducting normal film. It is shown that taking into account the triplet compo-
nent with nonzero projection leads to a noticeable change in behavior of the wave vectors
depending on the misorientation angle of the magnetization vectors. Also, the period of
oscillations tends to infinity at not strictly antiparallel orientation of the magnetization
vector, but at some misorientation angle.

In Section 4.4, the critical current of the structure is analyzed for the same limiting
case . It is shown that taking into account the triplet component with nonzero spin projec-
tion leads to the transition from 0 to 7 state at some misorientation angle rather than at
strictly parallel orientation of the magnetizations. It is proven that when the misorientation
angle is larger then some critical one, a new type of 7 state is possible in the structure.
This state is due to superposition of nonoscillatory contributions. The distance between
superconducting electrodes at which the 0 — 7 transition can be realized, depends on the
misorienation angle «, and this distance tends to infinity at antiparallel magnetizations.
Thus, in Chapter 4 it is proven that the control of critical current is possible in S-FNF-S
junction at small angles, and the existence of a new 7 state is demonstrated.

In Chapter 5, properties of S-FN-S Josephson junctions with arbitrary thickness of
the F and N films in the weak link region are theoretically investigated.

In Section 5.1, an approach to study of S-FN-S junction is developed in the frame-
work of the quasiclassical Usadel equations for an arbitrary thickness of the ferromagnetic
and normal films.

In Section 5.2, it is shown that taking into account the finite thickness of the films
leads to an infinite number of wave vectors. Therefore, the critical current is the sum of
an infinite number of terms. It is shown that the expression for the critical current is
simplified in the case for which the main contribution to the current is yielded by terms
corresponding to the minimum wave vectors. The limitations on the thickness of normal
film for such assumption are defined. It is shown that the expression for the critical current
has the same structure as previously obtained in Chapter 1 and differs from it only by wave
vector.

In Section 5.3, the analysis of the wave vectors is performed. It is shown that since
the structure of the expression for the critical current remains the same, the results obtained

in the previous chapters are qualitatively correct not just for the approximation of small film
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thicknesses, but in the general case. It is shown that for thicknesses of the ferromagnetic
film larger than &g, wave vectors become almost independent of this thickness.

In Section 5.4, the behavior of the critical current is analyzed. For thickness of a
ferromagnet much larger than its coherence length, one can define critical distances L,
when I changes sign. It is shown that for thickness of a ferromagnet comparable to the
coherence length, strong variations of I occur as a function of the F film thickness, if the
distance between superconducting electrodes L is close to L,. Beyond these narrow critical
areas the sign and the period of the critical current do not depend on the thickness of the
F film if the thickness is large than &p.

In Chapter 6, Josephson effect in S-FN-S Josephson junctions with different types
of weak link reagion is investigated:

- SN-NF-NS structure, which consists of two SN electrodes connected by an NF
weak region.

- SNF-N-FNS structure, in which a N film connects SNF multilayer electrodes.

- SNF-NF-FNS structure, in which the S electrodes are located on top of the FN
structure.

In Section 6.1, an approach to the description of these three types of junctions is
developed in the framework of the quasiclassical Usadel equations with different boundary
conditions.

In Section 6.2, there is analytical argumentations of advantage of ramp type geom-
etry for simple SNS structure in the case of small transparency of SN interface.

In Section 6.3, critical current for these three ramp type geometries is calculated.
The phase diagrams in (L, d) plane are analyzed where 0 and 7 states are saparated by the

lines with zero I.-.
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Chapter 2

Effective Decrease in the Exchange Energy in
S—(FN)—-S Josephson Structures

Introduction

Experimental corroboration [1| of the existence of m contacts in SFS Josephson
junctions (S is a superconductor and F is a ferromagnet) stimulated experimental and
theoretical investigations of the processes in the SF structures [2-4]. At present, significant
efforts are focused on seeking ferromagnetic materials that would allow the manufacture of
SF'S junctions applicable in various low-power devices. Analysis of the existing experimental
data [5-20] shows that the exchange energy H in available ferromagnetic materials lies in a
range from 850 to 2300 K. Owing to such high H values, the typical penetration length of
superconducting correlations,{ = gy + 1€ 9, induced in a ferromagnet due to the proximity
effect is equal to several nanometers (£ ~ 1.2-4.6 nm,). These values are much smaller
than the typical lengths &y ~ 10-100 nm of the superconductivity penetration into a
normal metal (N). These lengths (£r1 and £py) determine the typical scale of decreasing
the critical current I of the SFS junctions with an increase in the interelectrode distance
L and oscillation period Io(L). Such small {g; and &pg values significantly complicate
the technology of manufacturing the SF'S junctions with reproducible parameters and lead
to the degradation of the high-frequency properties of such junctions. The probability
of finding a technological F material whose H value is an order of magnitude smaller is
relatively low [20]. This fact stimulates the search for other solutions to this problem. One
of them is an “effective” decrease in H in the composite NF structures. In this work, it is
shown that this effect exists and can lead to an increase in the effective £p; and gy values
to the scale of £y lengths.

In this Chapter the critical current Ic of S—(FN)-S Josephson structures has been
calculated as a function of the distance L between superconducting (S) electrodes using the
Usadel quasiclassical equations for the case of specifying the supercurrent in the direction

parallel to the interface between the ferromagnetic (F) and normal (N) films of the composite
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weak-link region. It has been shown that, owing to the interaction between F and N films,
both the typical decrease scale Io(L) and the period of the critical current oscillations can
be much larger than the respective quantities for the SF'S junctions. The conditions have
been determined under which these lengths are on the order of the effective depth &y of

superconductivity penetration to a normal metal.

2.1 Structure of S-FN-S junction and its mathematical

description

In this Chapter S-FN-S Josephson junction (Fig. 2.1) is considered, that consists of
two massive superconducting electrodes connected to each other by a bilayer NF structure.
The width of F layer is dpand of N layer is dy. It is suggested that the “dirty” limit
conditions are satisfied in the N and F materials, and exchange energy H = 0 in the normal
metal and Magnetization vector is perpendicular to SF interface in F film. The origin of the
coordinate system is in the middle of the structure and the x and y axes are perpendicular

and parallel to the NF interface, respectively (Fig. 2.1).

AX

S . N2

d.| F

<Y

Figure 2.1. Structure of S-FN-S Josephson junction.

It is suggested that the structure is completely symmetric and the suppression pa-
rameters gy = Rp1Api/pnén and vpr = RpaAps/prér characterizing the NS and FS

interfaces, respectively, are large

YN > max {1, psts } ,  YBr > max {1, psts } ,
pNEN prér

so that the suppression of superconductivity in S electrodes can be disregarded. Here,

Rp1, Rpy and Ap;, Aps - are the resistance and area of the SN (SF) interface, respec-

tiVGlY7 Ps, PF; PN and gS = (DS/QTFTC)l/Qa gF = (DF/27TTC)1/27 fN = (l)N/Q'n'ij)l/2 are
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the resistivities and coherence lengths of the materials, respectively; Dg y r - are the dif-
fusion coefficients of the respective materials; and , T - is the critical temperature of the
superconducting electrodes.

Under the above assumptions, it can be suggested that the Green’s functions Gg and
g in superconducting electrodes are equal to their equilibrium values Gg = w/ Vw? + A2,
dg = Aexp{+ip/2}, where A and ¢ -are the absolute value and phase difference of the
order parameters of the superconducting electrodes. The properties of the weak-link region
can be described by using the linearized Usadel equation [17]. In the ® - parameterization,

they are represented in the form [18]:

0? 0? w

gﬁ{@+a—f}®N—LTL®N = 0, (2.1)
0? 0? w

fi{@+a—zﬂ}¢F_w—ﬂ¢F = 0, (2.2)

where w = T'm(2n + 1) -are the Matsubara frequencies and (n = 0,£1,4+2...), @ = |w| +
iH sgnw . The boundary conditions at the SN and SF interfaces (for y = £L/2) have the

form [18], [30]
0 )
'YBNSNa_y(I)N = +GgAexp {iZSO/Q} ) (2-3)
£ aCID j:a)GAe p{xip/2} (2.4)
e — e —_— X . .
YBF Fay F |W‘ S ¥

The boundary conditions at the FN interface (for z = 0) have the form [18], [30]:

Dy &

SN 7 — A2 2P 2.5

w| oz oo (2:5)
0 w

’YBfF%q)F + & = m‘pN, (2.6)

ve = RpsAps/prér, v = pnEn/prér,

where Rp3 and Apsz - are the resistance and area of the NF interface, respectively. The
conditions at the free boundaries of the weak-link region at + = dy and ©* = —dp reduce
to the equations
0P 0P
- =0 —X=0, (2.7)
which ensure the absence of the current through these boundaries.
For further simplification of the problem, the thicknesses of the F and N films are

assumed to be sufficiently small:

dy < &y, dp < &p. (2.8)
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and the solution of the boundary value problem given by (5.1)-(2.7) is sought in the form
of the expansion in small parameters (dy/&y) and (dr/&r). In the first approximation, the

functions ® 5 and ¢
Oy (z,y) = Aly), @r(z,y) = B(y) (2.9)

are independent of the coordinate z. In the next approximation, taking into account (2.7)

we arrive at the expressions

Dy = A<y>+{£§'#<y>—%f&< >}@ (2.10)
vr = B0)+{ B - B CEE (211

The substitution of (2.10), (2.11) into boundary conditions (2.5), (2.6) yields the following

system of two equations for the functions A(y) and B(y):

0? w w
(ims — (r—= + 1| Bly) + —A(y) =0, (2.12)
y 7T, |w]
wl [ |w]
B(y)— — — 1| A(y) =0, 2.13
(y)= + N gy2 (oo 1] AW) (2.13)
where
Cr=VréF, (N = VINEN, (2.14)
dr VB dN
YF =Bz INT - 2.15
§r v &N ( )
The solution of this system of equations is represented in the form
A(y) = Ay cosh 1y + Agsinh 1y + Az cosh goy + Ay sinh oy,
B(y) = By cosh q1y + By sinh q1y + Bs cosh gay + By sinh oy,
where coefficients are related as follows:
1w 1w
= ——[F—A, ——[— Ay, 2.16
P e 210
= (R “ ,Ba = Q3
Nﬁ w7 Nﬁ a
Here, ¢; and ¢, are the roots of the characteristic equation
1
qu =5 {uQ +02+ \/(u2 - v2)2 + 4@;%&2 , (2.17)
1 Q 1 Q h
==+, V=045 +i (2.18)

v &N G ey
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and parameter [3 is:
2

b=
{u2 — v+ \/(u2 —02)? 4+ 4¢ (N

and Q = |w|\7Te, Q@ = \rTe, h = H/7Tesgn(w).

: (2.19)

The integration constants A;, Ay, A3, A4 are determined from boundary conditions

(2.3), (2.4):

1— 55 CN GsAsin(p/2)

A 2.20
' (1 %) g coshq £ (2:20)
1-—s v
A, — O CN GsA Cos(cp/Z) (2.21)
“YBN(l + k%) Evqisinhgr %
1+ B4
A, = gNng GsA cos(g0/2) (2.92)
(1 + K2) Epgosinh g’
1+ 65
Ay = chFs GsA sm(cp/Z) (2.23)

“YBF(l + K2) €pgo cosh gp %
Here s = ypn/vBr, & = B(Crln) ™!
The substitution of the solution obtained in the form of into the expression Jg for

the superconducting current

JS _ Zﬂ'T.ABQ Z |:B —B* —B* 8 }_'_

2epp 9y
inTAp; ~= 1 ) )

A,—A*  — A —A 2.24
T oepw Z { “ oy oy w] (2.24)

yields the sinusoidal dependence Jgs = Iosinp. It is convenient to represent the critical

current I = Iy + Ic9 as the sum of two terms:

B e
= 75 € . .
“>” eRprysr = (1 + K?) Epge sinh Ly
, xT o i GEAW2(1 — fBsgie)? 2.26)
= - e . )
“t eRpNYBN (1 + k?)&nqy sinh Lgy

w>0

Expressions (6.47)-(2.19), (5.12), (2.26) specify a general expression for the criti-
cal current of the S—(FN)-S Josephson junctions under investigation. According to these
relations, by complete analogy with oscillatory systems with two degrees of freedom, the
S—(FN)-S structure under consideration can be characterized in terms of the partial coher-

ence lengths u, v and the proper coherence lengths
I Ry P |
Q=& iy, @ =28 + iy (2.27)
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The parameters C;l and C]Ql are the coupling constants. It is easy to see that the amplitude
distribution coefficients at the proper coherence lengths, which are proportional to (3 are
determined only by the material constants of the structure and are independent of the
boundary conditions at the SN and SF interfaces, respectively. The way of current injection
in the weak- link region (through the ratio ygyx/vpr) is taken into account in (6.45)-(2.23),
(5.12), (2.26) by the coefficient s, and the subsequent redistribution of the injected current
between the F and N films is determined by the ratio yr/vx. The approach developed
above is applicable when the all characteristic lengths in the problem are much larger than

the thicknesses of the normal and ferromagnetic films:

§i1, €1 12, §22 > dp,dy. (2.28)

2.2 Analysis of inverse coherence lengths and critical

current

Analysis of expressions (5.12), (2.26) for the critical current components and inverse

coherence lengths are simplified for a number of limiting cases.

2.2.1 The limit of a high resistance of the FIN weak-link interface

In the limit of a high resistance of the FN weak-link interface

(v > &N, Cr>&F (2.29)

the coupling constants between the F and N films are small. In the first approximation in
(y' and (7', the supercurrent in the structure flows through two independent channels
and formulas for Iy and Ics are transformed to the expressions for the critical currents

[18], [24], [31], that were previously obtained for two-barrier SIFIS and SINIS junctions:

I T «— 2N\?
ehipalos ZRe{ Gs } (2.30)

2rTe vprlc = w2€pqo sinh Lo
€R31101 _ T i G%AQ (2 31)
2T venTe £ w?énqu sinh Lg, ’ .
where
Q _h Q
G =0 =5 +icg:qi =d0=— (2.32)
§F F §N

25



In the next approximation, the proper inverse coherence lengths are easily expressed

as
5 :
a0 =qi + é + (;g%(?hjjh()ﬂ)’ (2.33)
1 £2.(Q + ih)
G GREr@)
According to (2.33), (2.34)the proximity effect between the N and F films leads to a small

¢ = gy + (2.34)

decrease in the effective exchange energy in the F film. The physical meaning of these
changes is obvious. An electron for a certain time can be in the N part of the FN film of
the structure. This is equivalent to the subjection of electrons to the effective exchange
energy averaged over the thickness of the FN film, which is obviously lower than the ex-
change energy in the ferromagnetic part of the structure. Changes in the damping of the
superconductivity in the N film are more significant. In this case, the exponential decrease
law changes to damping oscillations. However, their period in this approximation is much

larger than &y

o = e, YIGRGR (17 )
= 4mln

EXEih
It increases infinitely for h — 0 and is proportional to h for h > 2. This means that

> €, (2.35)

the term Ico in this case in the expression for the critical current is negligibly small and
Ic = Icy. In contrast to similar SNS junctions without F films, the dependence I¢;(L)
has the form of damping oscillations. This effect is a consequence of the double proximity
effect, because the superposition between the superconducting correlations induced from
superconductors and spin ordering from the ferromagnet occurs in the N film. However,
the oscillation period is very large; for this reason, the experimental observation of the

transition to the m-state is complicated in the case considered above.

2.2.2 The limit of small resistance of the FIN weak-link interface

In the opposite limiting case (r < &r and (v < &y, strong coupling between the
F and N films occurs in the weak-link region. In this case, the inverse proper coherence

lengths are easily obtained in the form

VGG QCNCrF G, o G
Q1+6(Cn—Cr) = CNCr + 2<<% n C]Q\/)3/2 <§N + g + Zhg) , (2.36)

Q+ hCF

q2—-¢
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where 6 - Hevecide function. From (2.36), (2.37) it follows that the ferromagnetic film in

the limit (r > ( additionally suppresses superconductivity induced in the N region, so

that
1 Q@(@ ¢N> L 0G, a5
o\ Te) e (2.38)
Q+ih 20
— . 2.39
a2 \/ g g (239

It is seen that the coherence length and oscillation period of the term Ioo in this case
coincides in the first approximation with the respective quantities for the SF'S junctions,
whereas the term I in Iy damps at lengths (Re(q1)) ™! ~ (v < &p.

In the limit (x > (p the processes in the N film are determining, so that

1 Qp Qr
o = — 4 —- +ih—" 2.40
LG22y (2:40)
CF§N) h (G}
T 1+ +iy L 92.41
! \/ & ( er) e (241)
4 . —— H&T =20 A
N ---  H/T =30
Re(q 1§N) . e H/TCTC=40

Re(q &), Im(q &)

10 100 1000 10000

Figure 2.2. Real and imaginary parts of inverse coherence length ¢, versus the parameter

z=(Cn/Cr)? at En/Cy =4, En/&r = 10, T = 0.5T¢, and h = 20, 30, 40.

27



T L L | T AL LN |
——  H/aT =20
---  H/xT_=40 Re(q,2.)
100 4 H/7Z'Tc=50 .

Re(q,¢ ), Im(q,¢)

Figure 2.3. Real and imaginary parts of inverse coherence length ¢, versus the parameter
&= (CN/CF)Q at gN/gN = 4a gN/gF = ]-Oa T = 0'5TCa and h = 20740750

Therefore, the term Ioo in the critical current decreases more sharply than Io.
In particular, the typical damping scale for superconducting correlations is approximately
equal to éyg = En/VQ, whereas the effective exchange energy decreases by a factor of
=G/ < L

Thus, when (r < (y < &y both the damping scale and oscillation period of I (L)
in the S—(FN)- S structures under consideration are much larger than the respective values
in similar SF'S junctions, where the normal film is absent. This statement is illustrated by

the numerical calculation results shown in Figs.2.2 - 2.6.
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0 10 20 30 40 50
H/. JZ'TC

Figure 2.4. Real and imaginary parts of inverse coherence length ¢; at H/7nT¢, En/Cy = 4,
Ex/€r =10, T = 0.5T¢, and 2 = (Cy/Cr)? = 50, 300.

Figures 2.2 and 2.3 show the real and imaginary parts of ¢o and ¢, respectively, as
functions of ({x/Cr)?, for T = 0.5T¢, h = 20,30,40 and &y = 10&r and &y = 4Cy. it is
seen that for h = 30 Im(ge€y) has maximum at ((x/Cr)? = 300. The oscillation period
of the critical current near this maximum is A = 27(Im(q2) ™! =~ 1.57€y, and its damping
length is (Re(q2))™! &~ 0.4 The damping scale of the second term in the expression for
the critical current is (Re(qz)) ™" & 0.014&y which is two orders of magnitude smaller. Such
strong difference between the damping lengths, allows observation of the transition to the m
state in the structures, where the distance between the electrodes is an order of magnitude
larger than that in the available structures.

Fig. 2.4 shows dependences of real and imaginary parts of ¢; on exchange energy
for parameter z = 50,300. At small H critical current decrease without oscillations. With
H increase the period of oscillations is decreased. It is seen that the imaginary part of ¢;
has a maximum as function exchange energy and, with increase of z this maximum moves
towards large values of H. The value of this maximum increases with growth of z, and at
z ~ 50 leaves on saturation. Simultaneously the damping length decreases with increase of

H.
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Figure 2.5. Normalized value of part of criticul current I versus the distance L /£y between
the superconducting electrodes for h = 30, Ex /(v = 4, En/Ep = 10, T = 0.5T¢, s = 1, and
z = (Cyv/Cr)? = 100, 300, 1000, 10000.

Figs. 2.5 and 2.6 show the critical current components Io; and I¢o as functions

of the distance L between electrodes for T' = 0.57¢ and various values of the parameter

z = ((v/Cr)*
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Figure 2.6. Normalized value of part of critical current Iy of the critical current versus the
distance L/&y between the superconducting electrodes for h = 30, n/Cy = 4, En/Er = 10,
T =0.5T¢, s=1, and z = ((y/¢r)? = 1,10, 100, 1000.

It is easy to see that the component Io9 at the given parameters decreases sharply
with an increase in L and, in agreement with expectations, its contribution to /¢ is negligibly
small already at L ~ 0.5, i.e., long before the appearance of the first minimum in Ioo. It
is interesting that the oscillation period in Ic = Ics is a nonmonotonic function of the

parameter z. It has the minimum at z ~ 300.

2.3 Conclusion

Thus, it has been shown that the use of a bilayer thin-film FN structure as a weak-
link material can lead to the effective decrease in H and to a significant increase in both the
damping length and oscillation period of the dependence I-(L) of the S—(FN)-S junctions
as compared to the respective values for similar structures containing only the ferromagnetic

film.
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Chapter 3

Critical current in S-FNF-S Josephson
junctions with collinear magnetization vectors

of ferromagnetic films

Introduction

The possibility of controlling the critical current of Josephson junctions, i.e., creat-
ing a Josephson transistor, was actively discussed previously in application to structures
with a two-dimensional gas or semiconductor as a weak-link material [1]. The theoretical
estimates and experimental investigations (see [2]| and references in this work) show that
the gain of such a device is usually much smaller than one and, therefore, this device is
not attractable for applications. In recent theoretical works [3, 4], it was shown that the
critical current in Josephson structures containing ferromagnetic (F) materials can also be
efficiently controlled by varying the angle between the magnetization directions in these
F layers by means of an external magnetic field. In particular, in SFIFS structures [5-7|,
where two sandwiches consisting of superconducting (S) and ferromagnetic (F) films are
separated by an insulator (I), change of the parallel orientation of the magnetizations of the
F layers to the antiparallel orientation can give rise to the transformation of a state with a
finite critical current not only to a state with zero critical current but also to a state with
a negative critical current. Unfortunately, the geometry of the SFIFS structures makes
the implementation of change in the angle very difficult. From this point of view, SFSF
structures investigated in [8-10], where one of the F films is screened from the external film
by a superconducting electrode, are more convenient. The triplet component of the critical
current appears in such contacts at the angle o # 0, 7. The characteristic damping length
of this component in the F layer is much larger than the characteristic damping length of
the critical current at &« = 0 or w. This circumstance allows one to control the parameters
of the structure by varying the angle . Unfortunately, in order to implement such control,
it is necessary to separate the ferromagnetic layers by a sufficiently thin S electrode. This

gives rise to the degradation of its critical temperature [11] and to the significant connect-
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edness of the magnetization directions of the F films, which hinders independent change
in their orientations. The second general demerit of the SF'S Josephson structures with
traditional geometry [12-26| is a very small characteristic length & = & + i€, of penetration
of superconducting correlations induced in a ferromagnet owing to the proximity effect. It
is equal to several nanometers and is much smaller than the typical lengths £y of super-
conductivity penetration into a normal (N) metal. In this Chapter it is shown that both
these disadvantages can be overcome in S-FNF-S contacts by specifying the supercurrent
in the direction parallel to the FN interface of the composite weak-link region. In such
structures, the direction of the magnetization of one of the F layers can be pinned by using
an antiferromagnetic substrate. The efficient decrease in the exchange energy investigated
previously [27] can simultaneously be used not only for the increase in {r; and &gy to the

&y scale but also for the efficient control over the critical current in such junctions.

3.1 Structure of S-FNF-S junction and its mathematical

description

In this Chapter Josephson junctions of S-FNF-S type are analyzed (Fig. 3.1). This
junction consists of two superconducting electrodes which are connected by FNF trilaer
structure. Width of F films are equal and they are dr and width of normal film is 2dy. In
such structure current flows parallel to FN interface of the weak-link region. Direction of
magnetization of lower ferromagnetic film is fixed (exchange energy is H;) and the value
and sign of magnetization of the upper ferromagnetic film can be changed by value and
sign (exchange energy is Hs). The origin of the coordinate system is in the middle of
the structure and the x and y axes are perpendicular and parallel to the NF interface,
respectively Fig. 3.1.

It is also suggested that the structure is completely symmetric and the suppression
parameters characterizing the NS and FS interfaces, respectively, are large so that the
suppression of superconductivity in the S electrodes can be disregarded.

Under the above assumptions, it can be suggested that the Green’s functions Gg and
®4 in superconducting electrodes are equal to their equilibrium values Gy = w/vw? + A2,
ds = Aexp{£ip/2}, where A and ¢ - are the absolute value and phase difference, re-
spectively, of the order parameters of the superconducting electrodes. The properties of

the weak-link region can be described via the linearized Usadel equations [17]. If the mag-
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Figure 3.1. Structure of S-FNF-S junction.

netization vectors of F films are perpendicular to the FS interfaces, the triplet component
is absent in the system and linearized Usadel equations in the & parameterization are

represented in the form

0? 0? w
5%{@+8—Z/2}¢N—7|TTL¢N:0, (3.1)
0? 0? %

where ®y, ®9; - are the Green’s functions in the normal metal and in the upper and
lower ferromagnetic layers, respectively; w = 77'(2n + 1) -are the Matsubara frequencies;
W = |w|+iHsgnw, We = |w| + iHysgnw.

The boundary conditions at the SN and SF interfaces (for y = +L/2) have the

form [18], [30]
0 .
WBNgNﬁ—quN = +dexp{Lip/2}, (3.3)
0 w .
”YBFfFa—yq)l,z = iéﬁ €xp {iNP/Q} ) (3-4)
where 6 = GgA.

The boundary conditions at the FN interface (for z = +dy) have the form:

v 0= S_ng)% (3.5)

m(?_x N 7&2’1 6[[’

0
FOo1 +v5lr=—P21 = Dy, (3.6)
ox |w|

v = RpsAps/prér, v = pnén/prér,
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where Rp3 and Apsz - are the resistance and area of the NF interface, respectively. The

conditions at the free boundaries © = £(dy + dr) have the form

%_0 00,

and ensure the absence of the current through these boundaries.
For further simplification of the problem, the thicknesses of the F and N films are

assumed to be sufficiently small,
dy <&n,  dr < &p, (3.8)

and the solution of the boundary value problem given by Egs. (3.1)-(3.7) is sought in the
form of the expansion in small parameters (dy/¢y) and (dr/Ep). In the first approximation,

the functions ®5 and ®, 5 are independent of the coordinate x:
Oy = A(y), P1=DB(y), P2=0C(y). (3.9)

In the next approximation at x = +dy taking into account Eq. (3.7) we have:

0Py 0PN Q 0?

Bp livT gy |-ax = 2dy LN 8—y2] Aly), (3.10)
00, | P
e 8—3/2] B(y), (3.11)
0y Q9
oy o g - 5’—92] C(y), (3.12)

where Q = |w|\nTe, Oy = Bio\nTe. The substitution of Bqs. (3.10) - (3.12) into
boundary conditions (6.5), (3.6) yields the following system of three equations for the
functions A(y), B(y) and C(y)

(3 o1 afam - 00
{ Z +1- <F8622 } Cly) = %A(y), (3.13)
{ng +1- CFaaZ } Bly) = %A(y)-
Cr = TFérs (v = VINEN, (3.14)
= VBC;—; W = VWB ij (3.15)
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The solution of the system of equations(3.13) is represented in the form

Aly) = Z (Ag;—q1 cosh(qiy) + Ag; sinh(q;y)),
i=1,2,3

B(y) = Z (Ba;—1 cosh(q;y) + Ba; sinh(q;y)), (3.16)
i=1,2,3

C(y) = Z (022‘,1 COSh(qiy) + C2i Slnh<q2y))
i=1,2,3

The coefficients in Eqgs. (3.16) are related as

Q Q,

B1,2 = A1,261C]2Vﬁ17 01,2 = Al,zﬁszEl’ (3-17)
Q Q
33,4 = A3,451C12vﬁ2, 03,4 = A3,452C]2v€2, (3-18)
B o A (;1 1 €2 (3 19)
T Gkt e —¢) '
wy 1 B2
C = — e 3.20
oS T G B = ) 520
k k
51,2 = 5 5 5 €62= 5 5, (3-21)
U% - Q%,Q U% - qg,2

where k = (;?(3?, and the inverse characteristic lengths ¢; are the roots of the sixth order
equation
2k! (q2 — u2) (q2 - vf) (q2 - v%) =2¢> — v% - vf, (3.22)

1 ) 1 Q  hio
=gt V=t i, (3.23)
(v &N NS F

where hy o = Hyo/7Te are normalized exchange energies.

u

Following the procedure described in Chapter 1, from boundary conditions (6.2),
(6.4) the integration constants Aj, Ay, Ag, Ay, A5, Ag are determined in the form

0 cos(p/2 r+ (u? - ¢?
Ay = : (¢/ )2 g 21,2) ’ (3.24)
q128i00(q12L/2)RyBrér k + {el, + 57, } /2
2 2y,.—1
As = ; 0 cos(p/2) L (u” = gy)r ; (3.25)
g3 sinh(gsL/2)venén 1+n
A27476 = Z.A17375 tan(gp/2) tanh(qugL/Q), (326)

- vYBr &F
YBN fNC%’

_k B2 2 € 2
=3 {(k+52(u2 —Q%)) - (k+52(u2 —‘J%)) }
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The substitution of the solution obtained in the form of Egs. (3.16) into the standard
expression for the superconducting current Jg, yields to the sinusoidal dependence Jg(p) =

Iosin . It is convenient to represent the critical current Io as the sum of three terms

Io =11+ Ica + Ics, (3.27)
8T 2 5 2
I = o Rez 2a1( éw) . ,
esryprRpr £ (2k + € + 07)qusinh g L
81T 2 5 2
Icy = S Rez 2a2( éw) . ,
eryprRpr £ (2k + € 4 (7)q2 sinh go L
T 2 2
Ios = — Rez ag(é/w? ,
eénvBN RN r2(1 + n)gs sinh g3 L

w>0

where a; = 7+ u? — ¢?,1 = 1,2,3. The developed approach is applicable when all the
characteristic lengths of the problem are larger than the thicknesses of the normal and
ferromagnetic films. Expressions (3.22), (6.48), (3.27) specify a general expression for the

critical current of the S-FNF-S Josephson junctions under investigation.

3.2 The analysis of inverse coherence lengths vectors and

critical current

When h; # hs, the system is similar to an oscillatory system with three degrees of
freedom, with the partial inverse lengths given by Eqs. (6.48) and with own inverse lengths
¢1.2,3, that are determined from Eq. (3.22). When the magnetizations of the ferromagnetic
films coincide in magnitude and direction, hy = hy = h, the situation is similar to that
considered in Chapter 1. In this case, according to Eqgs. (3.22), (3.27) the expressions for
the critical current components I, and Io3 are transformed into the results obtained in
Chapter 1 for the critical current in the S-FN—S Josephson junctions and Iz = 0.

Analysis of expressions (3.27) for the critical-current components is simplified for a

number of limiting cases.

3.2.1 The limit of high resistance of the FN interface
In the limit of high resistance of the FN interface

v > &N, Cr>&p (3.28)

coupling between the F and N films is small in the three-layer FNF structure. In this

approximation, it follows from Eq. (3.22) that the proper coherence lengths coincide with
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the partial coherence lengths. As a result, the system is decomposed into three independent
supercurrent flow channels. In this case, Egs. (3.27) are transformed into the expressions

for the critical current in two-barrier SINIS and SIFIS junctions [18], [31].

3.2.2 The limit of “strong” normal film

In the limit of “strong” normal film,

v >>Cr (3.29)

and for the limit £y >> &p from (3.22) it follows that inverse coherence lengths in the next

approximation are given by the expressions

Qf = U%Jre(hrhg)a qg = ’U%fé(hlfhg)v (3.30)
u? — vi +v3
2003 GG}

where 0(x) -is the Heaviside step function.

= (3.31)

According to Egs. (3.27), (3.30), (3.31) the critical-current components I, Ieoo
decrease in a length of (Re(q12))™! << &y with increasing L. At the same time, the term
I3 decreases in a length comparable with y. The period of spatial oscillations I¢3(L)

depends strongly on the relation between hy and hs.

3.2.3 Antiferromagmetic configuration of vectors of magnetization

Figure 3.2 shows the imaginary and real parts of g3 calculated as functions of the
exchange energy hy of one of the ferromagnetic layers at the given energy h; = 30, of
the other ferromagnetic layer for the parameters z = ({n/Cr)? = 50,150,300,600 and
Ev/Cn = 4, En/&r = 10. 1t is seen that Imgs for the antiparallel orientation of the

magnetizations of the F films vanishes strictly at hy = —h for all the parameter values.
Q h2 +QQ CQ +Q§2
@ ( IS L (3.32)

T8 GOm+ (@G + 92

The absence of oscillations is explained by the compensating action of opposite magne-

tizations. According to Fig. 3.2 h; = —hy the imaginary part of g3 vanishes but also
at
hy = —— (3.33)
1 ,Y%hQ . .
The position of the second point on the ho, axis at which Imgz = 0, depends on the

parameter z and can be located both to the left and to the right from the value hy = —h;.
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Figure 3.2. Imaginary part of inverse coherence length g3 vs. the normalized exchange
energy H,/mTe, for the parameters 2 = (Cyv/(r)? = 50, 150, 300, 600 at & /(v = 4, En/EF =
10, T'= 0.5T¢, Hy/7T¢; Inset shows dependence of real part of g3 for the same parameters.

3.2.4 Ferromagnetic configuration of vectors of magnetization

Expressions (3.30), (3.31) are simplified for h; = hy = h and reduce to

1 Q h
2 2 .
PG & & (3349
2= Q N (R* + Q*)(E + Q&G + thés
T GG+ (GG + 92

At parallel magnetization junction can be as in 0 state so in 7 state (Chapterl).

(3.35)

3.2.5 Synchronization

It is interesting that synchronization, Im ¢; = Im ¢, occurs in the system at small
hi, hy values even when h; is not identically equal to hs. . The relative width of the
synchronization region, u = (|hq]| — |h2|)/ |h1| at hy =~ 1, at the parameters h; ~ 1 and
z = (Cn/Cp)? = 100, En/Cn = 4, En/Ep = 10 is equal to about 30 and decreases with a

further increase in h;.
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Figure 3.3. Dependence of imaginary parts of ¢» and g3 on normalized value of exchange
energy Ho/7Te, for 2 = (C(w/Cr)? = 100 and H,/7Tc = 0.1,0.6, Ex/Cn = 4, En/Er = 10,
T =0.5T¢.

3.2.6 Ciritical current

Figure 3.4 shows the critical-current components of the structure calculated numeri-
cally as functions of the distance between the superconducting electrodes for the parameters
hy = 30, 2 = ((w/Cr)? = 300, En/Cn = 4, Ex/ér = 10, T = 0.5T¢, vr/v8y = 1, and
he = 30, —10, —30, —78.4.
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Figure 3.4. Dependence of normalized part of critical current |Ic3ygyveRpn /27T (and
(inset) shows part of critical current |Ic1ygreRpr/4nT|) vs. the distance between the
superconducting electrodes L/&y for the parameters hy = 30, z = ((n/Cr)? = 300, En/Cn =
4, fN/fp =10, T = 0.5T¢, ’YBF/”YBN =1, and hy = 30, —10,—-30, —78.4.

The inset shows the normalized part of the critical current I, calculated at hy = 30
with the same parameters. According to Fig.3.4 the critical current components I¢; o in
the case under consideration are much smaller than the component /-3 and decrease much
more rapidly with increasing L . For the case L 2> &y interesting for applications, the
contribution to the critical current from I 2 is negligibly small, so that o = I3 with a
good accuracy. The critical current decreases exponentially with increasing L and under-
goes oscillations associated with the transition of the structure from the 0 state to the m
state at a length of &x > £p. In complete agreement with Fig.3.2 the oscillations disappear
at hy = —hy and hy = —(v2hy) ! ~ —78.4.
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Figure 3.5. Dependence of normalized part of critical current Ics3ypyeRpy /27T vs. the
normalized exchange energyhs for the parameters hy = 30, z = ((w/(r)? = 300, En /(v = 4,
En/ér = 10, T = 0.5T¢, vpr/vey = 1, and L/{y = 0.1,2, 3,4, plotted with scales of
10,1,0.2,0.01 respectively.

Figure 3.5 shows the [o3(hy) dependence calculated numerically at hy = 30 for
the distances between the superconducting electrodes L/&y = 0.1,1,2,4. The parameter
z = 300 is taken such that the period of the critical-current oscillations at ho = hy is
minimal (see Fig. 3.2). According to Fig.3.4 the structure at L/{y = 0.1 always is in the
0-state. For this reason, change from hy = hy to hy = —h; does not lead to change in the
sign of Ic3, but triples the critical current. At hy = hy and L/{y = 1,2 the Josephson
junction is in the 7-state (see Fig. 3.4). In this case, change from hy = hy to hy = —hy
gives rise to the transition from ther- state to the O-state. After this transition, the critical
current increases by factors of 7 for L/{y = 1 and3 for L/&y = 2. Finally, the system is
in the O-state for L/&x = 4 at hy = hy. It is seen that the transition from the 0 state to
the m-state is possible if hy lies in the range from 4 to 15. A change from hy = hy to —hy
results in the increase in the critical current by a factor of about 6.

Figures 3.4 and 3.5 show that the transition from the ferromagnetic configuration

(he = h1) to the antiferromagnetic configuration (hy = —h;) can be accompanied by a
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significant increase in the critical current of the structure, particularly near the transition
between the 70" state and ”7” state. Far from the transition points, the gain can be equal
to ten owing to change in the characteristic damping length of the critical current (see the

inset in Fig. 3.2).

3.3 Conclusion

The critical current of S-FNF-S Josephson structures has been calculated as a func-
tion of the distance between the superconducting (S) electrodes, L, via the Usadel quasi-
classical equations for the case of specifying the supercurrent in the direction parallel to the
interface between the ferromagnetic (F) and normal (N) films of the composite weak-link
region. It has been shown that, owing to the interaction between the F and N films, both
the typical decrease scale of the critical current and the period of its oscillations to lengths
of the scale £y can be much larger than the respective quantities for the SF'S junctions.
Moreover, this interaction changes both the magnitude and sign of the critical current. It
has been shown that the critical current in a structure with the collinear magnetization
vectors of the films can be significantly different from the critical current in a structure
with the antiparallel magnetization of the F films.

Note that these calculations are valid if the magnetization of the film changes with-
out the turn of the magnetization in the film plane; i.e., remagnetization occurs through
the decrease in the magnetic moment to zero and the further increase in the direction op-
posite to the initial direction. If the transition from the ferromagnetic configuration to
the antiferromagnetic one occurs by means of the turn of the magnetization, e.g., with the
conservation of its absolute value, then the critical current component that corresponds to
the triplet pairing and decreases at lengths independent of H must be generated in the

structure.

45



Bibliography

[1] A. W. Kleinsasser and W. J. Gallagher, Modern Superconductor Devices, Academic
Press, Boston, (1990).

[2] D. V. Goncharov, I. A. Devyatov, and M. Yu. Kupriyanov, Nelin. Mir 3, 92 (2005).
[3] F.S. Bergeret, A. F. Volkov, K. B. Efetov, Rev. Mod. Phys. 77, 1321 (2005).

[4] A. A. Golubov, M. Yu. Kupriyanov, and E. Il'ichev, Rev. Mod. Phys. 76, 411 (2004).
[5] F.S. Bergeret, A. F. Volkov, and K. B. Efetov, Phys. Rev. Lett. 86, 3140 (2001).

[6] V. N. Krivoruchko and E. A. Koshina, Phys. Rev. B 63, 224515 (2001); 64, 172511
(2001).

[7] A. A. Golubov, M. Yu. Kupriyanov, and Ya. V. Fominov, JETP Letters 75 223 (2002).

[8] A. F. Volkov, F. S. Bergeret, and K. B. Efetov, Phys. Rev. Lett. 90, 117006 (2003).

[9] A. F. Volkov, F. S. Bergeret, and K. B. Efetov, Phys. Rev. B 64, 134506 (2001);
[10] F. S. Bergeret, A. F. Volkov, and K. B. Efetov, Phys. Rev. B 68, 064513 (2003);
[11] A. A. Golubov, M. Yu. Kupriyanov, and Ya. V. Fominov, JETP Letters 77 609 (2003).

[12] S. M. Frolov, D. J. Van Harlingen, V. A. Oboznov, V. V. Bolginov, and V. V.
Ryazanov, Phys. Rev. B 70, 144505 (2004).

[13] S. M. Frolov, D. J. Van Harlingen, V. V. Bolginov, V. A. Oboznov, and V. V.
Ryazanov, Phys. Rev. B 74, 020503 (2006).

[14] T. Kontos, M. Aprili, J. Lesueur, et al., Phys. Rev. Lett. 89, 137007 (2002).

[15] H. Sellier, C. Baraduc, F. Lefloch, and R. Calemczuck, Phys. Rev. B 68, 054531
(2003).

[16] Y. Blum, A. Tsukernik, M. Karpovski, et al., Phys. Rev. B 70, 214501 (2004).

46



[17] C. Surgers, T. Hoss, C. Schonenberger, et al., J. Magn. Magn. Mater. 240, 598 (2002).

[18] C. Bell, R. Loloee, G. Burnell, and M. G. Blamire Phys. Rev. B 71, 180501 (R)
(2005).

[19] V. Shelukhin, A. Tsukernik, M. Karpovski, Y. Blum, K. B. Efetov, A. F. Volkov, T.
Champel, M. Eschrig, T. Lofwander, G. Scho

[20] V. A. Oboznov, V. V. Bol'ginov, A. K. Feofanov, V. V. Ryazanov, and A. Buzdin,
Phys. Rev. Lett. 96, 197003 (2006).

[21] M. Weides, K. Tillmann, and H. Kohlstedt, Physica C 437-438, 349-352 (2006).

[22] M. Weides, M. Kemmler, H. Kohlstedt, A. Buzdin, E. Goldobin, D. Koelle, R. Kleiner,
Appl. Phys. Lett. 89, 122511 (2006).

[23] M. Weides, M. Kemmler, E. Goldobin, H. Kohlstedt, R. Waser, D. Koelle, R. Kleiner,
cond-mat /0605656, submitted to PRL.

[24] H. Sellier, C. Baraduc, F. Lefloch, and R. Calemczuck, Phys. Rev. Lett. 92, 257005
(2004).

[25] F. Born, M. Siegel, E. K. Hollmann, H. Braak, A. A. Golubov, D. Yu. Gusakova, and
M. Yu. Kupriyanov, Phys. Rev. B. 74, 140501 (2006).

[26] J. W. A. Robinson, S. Piano, G. Burnell, C. Bell, and M. G. Blamire, Phys. Rev.
Lett. 97, 177003 (2006)

[27] T. Y. Karminskaya, M. Yu. Kupriyanov, JETP Letters 85 343 (2007).
[28] L. Usadel, Phys. Rev. Lett. 25, 507 (1970).

[29] M. Yu. Kuprianov and V. F. Lukichev, Zh. Eksp. Teor. Fiz. 94, 139 (1988) [Sov.
Phys. JETP 67, 1163 (1988)].

[30] E. A. Koshina and V. N. Krivoruchko, Fiz. Nizk. Temp. 26, 157 (2000) [Low Temp.
Phys. 26, 115 (2000)].

[31] A. I. Buzdin, Pis'ma Zh. Eksp.Teor.Fiz., 78, 1073 (2003) [JETP Letters, 78, 583
(2003)].

47



Chapter 4

Critical current in S-FNF-S Josephson
junctions with noncollinear magnetization

vectors of ferromagnetic films

Introduction

The experimental investigations of the processes in Josephson junctions with the
ferromagnetic materials have been focused on the structures in which the weak coupling
region is a weak single-domain ferromagnet (see, e.g., [1]) or a fully spin-polarized metal
[2]. As shown in [3, 4], in the Josephson junctions, where the weak-coupling region is a
multilayer structure consisting of the alternating layers of normal (N) and ferromagnetic
(F) metals, it is possible not only to significantly increase the characteristic damping and
oscillation scale in the dependence of the critical current I on the ferromagnet thickness,
but also to efficiently control both the magnitude and sign of Io. The control was achieved
by the remagnetization of one of the ferromagnetic layers, i.e., by changing the magnitude
and direction of the magnetization vector M through the transition from the ferromagnetic
orientation (M; 1T My ) to the antiferromagnetic orientation (M; 7| Ms ) of the magne-
tization vectors of the ferromagnetic films. It is qualitatively clear that control over the
magnitude and the sign of I by means of the rotation of the magnetization vector My
of one of the ferromagnetic films at a certain angle o with respect to My is much more
energetically favorable than its complete remagnetization, i.e., the transition from M; to
—M; by means of a change in the magnitude of this vector. In this Chapter it is shown
that the effective control in such a spin gate is achieved at a relatively small misorientation
angles « if the rotation is performed from the antiferromagnetic configuration. Moreover,
this approach can provide a significantly larger difference between the critical currents in
the 0 (I > 0) and 7 (I < 0) states than that in the case of the remagnetization by means

of a change in this vector from M;. to —M;
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4.1 Structure of S-FNF-S junction and its mathematical

description

Figure 4.1 shows the schematic view of the S-FNF-S junction under investigation.
It consists of a normal metal film with the thickness 2dy, that is sandwiched between two
ferromagnetic films each with the thickness dp. The superconducting electrodes are joined
to the ends of such an FNF multilayer structure. Let the coordinate origin be at the middle
of the structure and the x and y axes be directed across and along the NF interfaces,

respectively.

o
=

-L/2 L/2

o
=
A4
<

_dN_dF

Figure 4.1. Structure of S-FNF-S junction.

Below only the case where the vectors My, M, lie in the plane of the ferromagnetic
films will be considered. For definiteness, we choose the direction of the magnetizations of
the lower and upper ferromagnetic layers along the y axis and at the angle « to this axis.
Let the “dirty” limit conditions be satisfied in the normal and ferromagnetic materials,
their effective electron—phonon coupling constant be zero, and exchange energy H = 0 in
the normal metal. Then, let us assume that the structure is completely symmetric and
the suppression parameters are large so that the suppression of superconductivity in the
superconducting electrodes can be neglected.

Under the above assumptions, the anomalous Green’s functions in the upper and

lower ferromagnets, as well as in the normal layer, can be considered as the matrices ( f),
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(p) and (n), that satisfy the linearized Usadel equations [4], [6]:

0? 0?
& { g + gz £ — O — S+ ) =0, (@1)
9 0? 9% . P AN o
§r o2+ a7 p—Qp— éh(PHz + Hyp) = 0, (4.2)
0? 9% . R
éif{@"‘ﬁ}ﬂl—f}n:o, (43)

O = |w|/(7Tc), w -are the Matsubara frequencies, h = H/xT,, H, = 65sina + 63 cos a,
and H, = 03, (6;-are the Pauli matrices).

System of equations (4.1)-(4.3) should be supplemented by the boundary conditions.
At the free interfaces of the structure (xr = dy + dp,x = —dy — dr) they have the form

of _y b

=0 oo =0. (4.4)

The boundary conditions at the FN interface (for z = £dy) have the form [18], [§]:

0 . 0 - 0 ~ .
fN%n = %F@_xf’ _'YBSF%JC +f=n, (4.5)
0 0 . o . . .
fN—n = ’VSF D, VBEFm—D+ P =n. (4.6)
ox ox

Finally, the boundary conditions at the SF and SN interfaces have the form
o .
fYBNgNa_yn::th7 y::l:L/Qu

’VBFfF f if& y=+L/2, (4.7)

8
YBréF yp ifSa ?/:iL/Q-

Under the above assumptions, the anomalous Green’s functions in the superconducting elec-
trodes in Egs. (4.7) can be represented in the form fg(£L/2) = d3A exp(tip/2)/vw? + A2,
where A and ¢ - are the absolute value and phase difference of their order parameters.

When the normal and ferromagnetic films are sufficiently thin,
dn <<§N, dp <<§F (48)

the boundary value problem given by Eqs. (4.1)-(4.7) is significantly simplified and reduces

to the solution of the equations for the z independent components f(y), p(y) and 7(y) of
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the initial functions of the problem:

oo fy) + i)
(un — a—yQ)”(y) —AW, (4.9)

where uy = Q63 + (3°, up = Q&% + (5%, Cr = 1R, (v = IvéRr
The matrices f(y), p(y) and A(y) can be represented in the Pauli matrix basis:

Fy) = fobo+ f161+ fab2 + f303, (4.12)
P(y) = podo + P11 + pada + p3ds, (4.13)
(y) = noGo + 1161 + nady + N33 (4.14)

Substituting Eqs. (4.12)-(4.14) into Eqgs. (4.9)-(4.11) and taking into account Eqs. (4.7)
one can easily see that this boundary value problem has only the trivial solution f; = 0,

pa = 0, ny = 0, so that matrix equations (4.9)-(4.11) reduce to the system of nine differential

equations
0* fi + 0,
(uN - 8—?/2)71] = JQCJQV J) = 07 ]-73a
( ) fo+ ihycosarfy = 18
Urp — ~—=)Jo chosoz 3= 75,
dy? P
0? . n
(uF—W)fl—hfsmafg:—zl, (4.15)
Yy F
0? . , n
(up — W)f?’ + hysinafy +thycosafy = —5,
Yy gF
2
. No,3
(up — == )pos +ihspso = —,
dy? 7

62 1
(UF - 8—?/2)171 = g

Here, hy = h/&%, fo ~ (1)) + (y101) and f3 ~ (¢11h)) — (1a0;) are the triplet and singlet
parts of the condensate function, respectively; and fi ~ (1) ~ (¢9)) is the triplet

component.
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We seek the solution of system (4.15) in the form of the sums:

9
fi = D _(f) coshlqy) + £ sinh(q;y)),

J=1
9

pi = > (bl cosh(gzy) + pi} sinh(gzy)), (4.16)
J
9

ni = Z( COSh(qjy)Jrn sinh(g;y)),

J

where ¢ = 0, 1, 3, and inverse lengths g; satisfy the dispersion equation:

(a?b? — 4a§bj + aijbf +4a; — k*b; + k*bj cos a) *
(bja? - 2a§ + a;k*b; — k* — k* cosa) = 0,

where k = (3hy, bj = 2¢%(uy — ¢;) and a; = (3 (up — q3).

It can be shown that, for ¢;, which are solutions of the equation
(bja? - 2a§ + a;k*b; — k* — k* cosa) =0 (4.17)

the coefficients f , pzj &) , and nz(j-’s) are zero. Hence, sums (4.16) contain only five nonzero

terms, and their coefficients are related as

f cs) (cs)cosa(bjaj —1)+1
0i 105 aj(cosa+1)

Y

c,s csb' i —1
(’)—n(7)JaJ -+ cos «

Poj == Moy aj(cosa+1)

Floo) = ing;" (b;a; - 2) o) _ in$?? (bja; — 2) s
k(cosa+1) 77 k(cosa+1) ~ '
aj(cosar+1) 7V aj(cosa+ 1)’

(cs) m(()?’s) sina (.o 2m(c 8)(ajbj —2)

L cosat 1’ W T b]k:(cosoz+1) '

Substituting Eqs. (4.16), (4.18) into Eq. (4.7), we obtain five linearly independent equations

for the coefficients ng;.

4.2 The limit of strong normal film

For further simplification of the problem the case of strong normal film will be

discussed
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v >> CpyEn >> & (4.19)

In this approximation, the equation for the inverse characteristic lengths g;
a;’b? - 4a?bj + ajk:2b§ +4a; — k*b; + k*bj cosa = 0 (4.20)

can be solved analytically:

4uf + h3(1 — cos )

dup(uf + h3)CRCh

hf\/hfc(l — cosa)? — 8u%(1 + cos a)
dup(up + h3)CRCE ’

2 _
Q12 = UN —

(4.21)

G54 = up tihy, g3 = up. (4.22)

At a = 0 and a = 7, the expressions for ¢ scoincide with those previously derived

in chapter 2 for the case of strong normal film (4.19):

,  Q (B + QR+ QO+ ihéd

Tt aamy@egirap t T (4.23)
@ = (), a=0 (4.24)
P (h? + Q)¢ + Qe (4.35)

= — =T,
& CRCR(R? + (E3C" +Q)?)

The real parts of the last three inverse lengths ¢z, g4, and g5 are much larger than

Re(qy), so that, to determine the total current in approximation (4.19) it is sufficient to

determine n{>* and n5®

n((]SI{OQ = in((ﬁ{m tan(p/2) tanh(q; 2L/2), (4.26)

f n
© Fihs(cos o+ 1) cos(p/2) b1 [5ft1,2 - 5nt1,2]
Not 02 = :
oo 8q1,28inh(q12L/2)Cy  (uf + h3)*(63 — ai)

where 07, = A/(Vw? + A2yprpnép ) and

tl, = (ub+h})biaunCh + 2(uh + h3 — 2upql,),

tfy = (U%th?f)le,QQ%CJZV-

The expression for the superconducting current flowing through the junction has the form

—2irTw |d 2d
]S = _F(IFl + ]FZ) + —NIN )
€ PF PN
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> d d d
In = Z(no—no + ng—ng — ng—ny),

= dy dy dy
Ip = Z(fo fo+f3 f3 f1 fl)
w>0

> d d d
Ipy = wz>o<p0d_yp0 +P3d—yp3 - pld_ypl)-

The substitution of functions (4.16), (4.18), (4.21), (4.26) into the above expression yields

the sinusoidal dependence Is(y), where the critical current is represented in the form

Io =Ic1 + Ico, (4.27)

Ici =

eRBN'YBNgN 32ql smh (A2 + w?)’

Here, s = ygn/7vBr, and i = 1,2, and

2{2(a;b; — 2)* — h3¢b; (cos ay + 1)}
b} (uy + h3)* (a5 — ¢i)*
282 (bia; — 1)(cos oy + 1) + (aib; — 2)2(h2 — G)
aZCRCp (uf + )4 (g5 — ¢i)? '

Expression (4.27) describes the behavior of I of the junction under investigation in

A =

approximation (4.19) and will be used, together with Eq. (4.21) in analysis whose results
are shown in Figs. 4.2 -4.5.

4.3 Analysis of inverse coherence lengths.

The real and imaginary parts of the inverse characteristic lengths ¢, o calculated at
&n/Cn = 4 are shown in Figs. 4.2 and 4.3 | respectively, as functions of the angle « for the
normalized exchange energy h = 30 (the solid and dashed lines for ¢; and ¢, respectively)
and h = 15 (the dash—dotted and dotted lines for ¢; and ¢q, respectively). The insets show
the same quantities calculated at h = 30 and £x/(y = 4 (the solid and dashed lines for
¢1 and @9, respectively) and ¢; and ¢o (the dash—dotted and dotted lines for ¢; and g,
respectively)

It is seen that the dependences Re(q ) and I'm(q2) are symmetric with respect to

the angle a = 7. As the angle a = 0 increases from to a = o

a = arccos(1 + dup/h}(up — \/ud + h3)), (4.28)
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Re(q, &)

Figure 4.2. ¢y versus the misorientation angle o of the vectors M;, at {y/Cy = 4,
En/Er =10, (% /(2 =300, T = 0.5T¢, w = 7T and h: h = 30, h = 15. The inset shows
the same dependence for x/Cy = 4 and &y /(v = 2 at h = 30, éx /& = 10, (3/¢2 = 300,
T=05T¢, w=m7T.

both the imaginary and real parts of ¢; decrease smoothly, and ¢» = ¢f. According to Fig.
4.3 the imaginary parts Im(q;2) vanish at o = o', thus, ¢; and geare real. As a further
increases to @ = 7 the imaginary parts Im(q; 2) remain zero. The real part of ¢; increases

and reaches a local maximum given by Eq. (4.25) at o = m whereas ¢, decreases to

L g
& QR(Eh+QCE)
It can be shown that the coefficient A, in Eq.(4.27) tends to zero at & — 7 , so that

a5 = ), a=m. (4.29)

the contribution Ioo to the critical current of the junction vanishes. A similar vanishing of
the pre-exponential factor in one of the components of the critical current was previously
pointed out in [9].

According to Fig. 4.2 and (4.29) ¢, in the region o' < o < 27 — o depends weakly
on h. Such behavior is typical of the solutions generated by the triplet component, which is
odd in w and even in the momentum. This component is responsible for the existence of the

angle range o' < a < 27 — o, where | m(q1,2) = 0. This is also confirmed by calculations
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Figure 4.3. ¢ versus the misorientation angle o of the vectors Mo at {y/Cy = 4,
En/&r =10, (% /¢ =300, T = 0.5T¢, w = wT and h - h = 30 and h = 15. The inset shows
the same dependence for éx/Cy = 4 and £y /(v = 2 at h = 30, Ex /& = 10, (3 /¢2 = 300,
T=05T¢c, w=nT.

within the framework of the approach developed in [10], which ignores the existence of such
a triplet component. In the last case, the imaginary part of ¢ vanishes strictly at a = ,
is absent. Thus, the existence of ¢o. clearly indicates that the triplet component odd in
w exists in the system; this component decreases with an increase in the distance from
the superconductors at a characteristic length much longer than a similar length for the
components even in w. The insets in Figs.4.2 and 4.3 show that, as the transparency of
the FN interface, i.e., the ratio {y/(x, decreases, the range a < a<2r—da, where the
imaginary parts of ¢; » vanish, expands, and ¢, approaches the value VQ /&n. Note that the
range where Im(q; 2) = 0, also expands with an increase in h. The above calculations were
performed with the parameters w = 7T, {5 /&p = 10, T = 0.5T¢. This set of parameters
at En/Cy = 4, and h = 30 corresponds to the minimum period of the spatial oscillations of
the critical current. For this reason, Im(q;2) approaches zero both with a further increase

in the magnetization h = 30, and with a decrease in the ratio &y /(.
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4.4 Critical current

At Fig. 4.4 the critical current calculated by Eqs. (4.27), (4.20) with £y /& = 10,
T = 0.5T¢, {En/Cv = 4, and h = 30 at the distances between superconducting electrodes
L/¢y = 0.5,1,2,4 is shown as a function of the rotation angle « of the vectors My o. For
a more convenient comparison of the shapes of the curves, the I., values calculated for
L/¢y =1 and L/{y = 2 were multiplied by a factor of 3, and I, calculated for L/{y = 4
-was multiplied by a factor of 20.

0,20

Figure 4.4. IcypneRpn /27T versus the angle a at h = 30, {v/Cyv = 4,&6n/Ep = 10,5 =
1,T =0.5T¢, ¢%/¢2 =300 and L/&y = 0.5,1,2,4 . The dependences for L/&y = 1,2,3 are
multiplied by factors 3, 3 and 20, respectively.

It is seen that the junction at L/&x = 0.5 is in the O-state at any misorientation
angle a of the vectors M 5. The junction at L/y =1 is in the 7 - and 0 states at o = 0
and 7-, respectively.

When the angle o varies from o = 0 to @ = 7 the state with the negative critical
current holds up to a = 2.46 and the critical current in the m-state is maximal at o = 1.62
rather than at the parallel orientation of the magnetizations. The behavior of I.(L) at
L/¢n = 2 is the same. In this case, the 7 state holds up to a = 2.95, and the critical

current in ther state is maximal at o = 2.45.
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Figure 4.5. |IovypneRpy /27T versus the distance between the superconducting electrodes
L/&y for the parameters h = 30 and &x/Cy = 4,&n/Ep = 10,8 = 1,T = 0.5T¢, (% /(2 =
300, « = 0,2.5,3, 7.

Finally, at L/§y = 4 and a = 0 the junction is in the 0 state. As « increases, the
critical current decreases and the junction at o = 1.75 passes to the m-state, which in turn
changes to the 0O-state at @ = 3.1. The maximum of the critical current in the m-state is
also shifted towards 7 (o = 2.76). With a further increase in the distance between the
superconducting electrodes, additional regions of the 0 and m-states appear between o = 0
and o = . However, an increase in L s accompanied by the exponential decrease in the
critical current.

This behavior is illustrated in Fig. 4.5, which shows the dependence I|¢(L)| calcu-
lated with the parameters a = 0,2.5,3, 7, {n/Ep = 10, T = 0.5T¢, En/(nv = 4, and h = 30
. As the misorientation angle « increases from 0 to o the oscillation period increases and
is formally infinity at a = o’

The further evolution of /(L) with an increase in « (in the range [a'; 2m — o']) is
determined by the competition of two contributions to I-(L). The first contribution (I¢1)
is due to the components with zero projection of the magnetic moment of Cooper pairs is

always positive. The second contribution (/) is always negative and is due to the existence
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of the triplet component with nonzero projection of the magnetic moment of Cooper pairs
in the weak-coupling region. At o = 7 Igo = 0 and the critical current I (shown by the
dotted line in Fig. 4.5) is always positive. At o # 7 the contribution I appears in Ioo(L),
this contribution is negative, and its absolute value decreases with an increase in L much
more slowly than Io1(L). Owing to the difference between Re(q;) and Re(go) in the range
o < a <27 — « there is only one length L, beginning with which ther state appears in
the junction and holds with a further increase in L. At a — 7 the transition to the 7 state

occurs at the length tending to infinity.

4.5 Conclusion

Thus, a new type of “triplet” 7 junction is possible in the S-FNF-S structures. The
possibility of the existence of the triplet 7 junction was previously discussed in [11]- [17],
where it was shown that the triplet superconducting component, whose contribution to I
can be both negative and positive, is generated in the structures containing one or several
ferromagnetic layers with noncollinear magnetizations. For this reason, the 7 state in such
structures can be due not only to the oscillatory decrease in the singlet component and
triplet component with zero projection of the magnetic moment of Cooper pairs, but also
to the superposition of this combination with the contribution from the triplet component
with nonzero projection of the magnetic moment of Cooper pairs to Io. It is important
that the characteristic scale of the decrease in all these components, ¢ is deter- mined
by the transport parameters of the ferromagnet. In contrast to [11]- [17] it was shown
that the 7 state appears in the structures under investigation as a result of the interaction
between two spatially nonoscillating contributions to the critical current; each contribution
decreases at lengths about the coherent length of the normal metal, which is normally much
longer than the length £r. This is illustrated by the dash—dotted curves in Fig. 4.5. In
particular, the transition to the w-state at & = 3 occurs at L/{y = 2.4. As the difference
of a from 7 increases, the 0 - 7 transition point is shifted towards smaller L values. Note
that the existence of the triplet 7 junction allows one to effectively control the critical
current of the S-FNF-S spin gate by means of the rotation of the magnetization vectors of
the ferromagnetic films from its initial antiferromagnetic configuration by a relatively small
angle. In this case, the difference between the critical currents in the 70" (I. > 0) and "7”

(I. < 0) states can be much larger than that in the case where the magnetization direction
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of one of the ferro- magnetic films is changed through its remagnetization, i.e., through the

transition from M; to -M; by means of a change in the length of this vector.
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Chapter 5

Josephson effect in S-FIN-S structures with
arbitrary thickness of ferromagnetic and normal

layers

Introduction

In the last few years, noticeable progress was achieved in the development of special
techniques for fabricating superconducting spintronic devices based on SF-structures (S- su-
perconductor, F- ferromagnetic metal). Among them are arrays of Nb/CuNi 7-junctions [1],
S/F1/N/F2 spin valves consisting on V/Fe superlattices [6], Nb/CuNi nanostructures with
a high-quality S-F interface, exhibiting re-entrant and double re-entrant T (dr) behav-
ior [2], [3].

The results obtained in [8] - [10] are essentially based on the assumption that the
thicknesses, dy, dp, of all the films in FNF multilayer are small compared to their decay
lengths. This assumption allows one to simplify the problem and to reduce two dimensional
problem to one dimensional.

In real structures the requirement dy < & can be easily fulfilled, while the inequal-
ity dp < & is difficult to achieve due to the smallness of {x and finite roughness of NF
interfaces. Therefore the solution of two dimensional problem is needed. The structures
with two dimensional geometry were examined in [8] for two-domain junction, in [5] for
multidomain SF structures, and in [6] for junction with helicoidal spin modulation.

It is worth to note that the solution of two dimensional problem arising in the "in
plane" geometry, when the domain wall is perpendicular to SF interface [8], 7], is simplified
by a natural for this problem suggestion that domain walls consist of materials differing
only by the direction of their magnetization.

In this Chapter the properties of a generic S-FN-S junction and perform the cal-
culation of its critical current beyond the limits of small F and N film thicknesses for two

dimensional geometry will be discussed. Contrary to [8], [7] in our approach we shall con-

sider that NF interface has finite transparency and that N and F metals have different
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transport parameters. Under these conditions, the solution of the two dimensional prob-
lem should be found, which is essentially more complicated compared to that discussed

in [8], [7].

5.1 Junction model

Consider a symmetric multilayered structure, which consists of a superconducting
(S) electrode contacting the end-wall of a bilayer. This bilayer consists of ferromagnetic
(F) film and normal metal (N) having a thickness dp, and dy respectively (see Fig.5.1).
It is supposed also that the condition of a dirty limit is fulfilled for all metals and that
effective electron-phonon coupling constant is zero in F and N films. For simplicity it will
be suggested below that the parameters ygy and vgr which characterize the transparency

of NS and FS interfaces
X A
S 1 S
d, N

=

y

d.| F

Figure 5.1. FIG. 1. Schematic view of theS — (NF') — S junction.

are large enough to neglect the suppression of superconductivity in S part of the
proximity system and to permit the use of the linearized Usadel equations in F and N
films of the structure. Under the above conditions the problem of calculation of the critical
current in the structure reduces to solution of the set of 2 -dimensional linearized Usadel

equations [17], [18], [4]

0? 0? w

oo o o)
0> 02 w

H{i o= ogoe o 52

where 3 p = (Dn,r/27Te), Dy r, are diffusion coefficients, w = 7T'(2n + 1) are Matsubara

frequencies, @ = |w| + iH sgnw, H, is exchange energy of ferromagnetic material. The
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boundary conditions at SN and SF interfaces [18] are

0 P
TGy, By = £GoAexp {#iZ} v=1.0 (5.3)

0 w .
’YBFSFa_y(I)F = imGQA exXp {:t’bg} , Y= L, 0, (54)

where L is the distance between superconducting electrodes, Gy = w/vw? + A2, A is the
modulus of the order parameter of superconducting electrodes.

At the FN interface (z = 0) we also have [18]
v 0 o §r O

SN = =2 D 5.5
w0z Y TTor T (55)

0 w
VBér5-Pp + Pp = — P, (5.6)
oz |w|
where v = RpsAps/prér, v = pnén/prér, Rps and Aps are the resistance and area of

the NF interface. The boundary conditions at free interfaces

0
%q)N = 0, z =dy, (5.7)
0

come from the demand of an absence a current across them.
It is convenient to write the general solution of the boundary value problem (5.1)-

(6.8) in the form (8]

Dy(ry) = Dyt Y Aula)eos L), (5.9
Cp(z,y) = Pp(y) + Z Bn(:p)cosw, (5.10)

where @y (y) and ®r(y) are asymptotic solutions of Eq.(5.9),(5.10) at the distance far from
FN interface

L—2 P . L—2
o (y) L GoA cos & cosh m _ ésin £ sinh QENSZ
N NN sinh 2&;9 cosh ﬁ ’
— e h L—-2y isin € sinh L—2y
. \/5G0A COS 5 Cos 20 1 Sin 5 sin 2%rn . .
(I)F<y) "~ OvF ( sinh —QEL o cosh —2£L ) where fNQ - fN/\/ﬁ7 fFQ -
FQ FQ

Er/ \/6, while functions A, (z) and B,(z) are solutions of appropriate one dimensional
boundary problem. The details of A,,(x) and B,(z) determination are given in Appendix.

Substitution of the expressions (5.9),(5.10) into formula for the supercurrent, Ig,
after routine calculations and several simplifications presented in Appendix in the most

interesting from the practical point of view situation is when

H> 1Te, & < Ex, (5.11)
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results in sinusoidal dependence Ig = I sin ¢, where

2rTdy W i Gy A?

Ic - , 5.12
e En Ton 2 LAgEy sinh(gL) (5.12)
and inverse coherence length is given by
1 Q
il Ve +Q. (5.13)

9= = =
En | dn 73\/5+coth{§—§\/5}

It is necessary to note that in general the expression for the critical current except
summation over w contains also summation over infinite number of inverse coherence lengths
which are the eigenvalues of boundary problem (5.1)-(6.8). As it is followed from estimations

given in Appendix under the restrictions on the distance L between superconductors

1 1
L >> Re (— arctanh 7) (5.14)
q YBNGEN
and on thickness of the N layer
3 dn
<< = <<, 5.15
nh&% &N (5.15)

where

L /73 VIR 4 b,
n= fracdpép >> 1/V/h, (5.16)
2
%\/’V% +2yp5E 3k + d%;g, e << 1/Vh.

and h = H /7T the main contribution to I comes from the item corresponding to the first

eigenvalue, ¢, which is given by expression (6.24) and for I one can get formula (5.12).

From Eq. (5.11) it follows that ¢ weakly depends on temperature. As a result a
change of temperature should weakly influence on decay length and period of I~ oscillations
and mainly controls only the absolute value of the critical current (5.12). Neglecting in the
first approximation the dependence of ¢ on Matsubara frequency one can easily get that
Io(T) < f(T') = Atanh(A/T).

It is necessary to point out that the experimentally studied parameters such as decay
length of I as a function of L and period of I~ oscillations should be mainly controlled by
the real and imaginary parts of inverse coherence length ¢ calculated at w = #'T.

Below here will be detailed examination of behavior of inverse coherence length
g as a functions of geometrical and transport parameters of weak link. The calculated
dependencies do not only provide the knowledge, which is necessary to take into account for
design of S-FNF-S structures with input properties, but also will be useful for understanding

the features of I¢(L, dr) dependencies.
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5.2 Properties of inverse coherence length g.

In the limit of thin F film dp/ér << 1/v/h expression (6.24) for ¢ transforms into

result obtained in [8] in the limit {x >> (p:

s Q (RP4+QH( + QEE + ihés

9 = 5 — ) (517)
& QRGO+ (&G + Q)
where (2 = ypdr/r, (& = vpdn/(En7)-
In the opposite case dp/Ep >> 1/v/h from (6.24) we get
1 h + 1 2 h
0= fo+ 2, i1+ V2 vh (5.18)

&N dn 5\/573(ﬁ+73\/ﬁ)+1'

At temperature T' = 0.57¢. the main contribution into the critical current is provided
by the term corresponding to the first Matsubara frequency (n = 0). For this reason in this
paragraph we will study the properties of inverse coherence length ¢ for 2 = 0.5 that is the
value of €2 for (n =0) and T/T = 0.5.

In Figs. 5.2 and 5.3 solid curves show the real and imaginary parts of inverse
coherence length ¢ as a function of dp/¢p calculated from (6.24) for two ratios of normal
film thickness dy /&y = 0.01 and dy/En = 0.1.

The dotted lines in these figures are the same dependencies, which are followed from
asymptotic formula (5.17). All calculations were done for a set of parameters {y/&r = 10,
v = 0.03, vg = 0.2, h = 30 which in accordance with analysis done in [8| provide the
maximum value for imaginary part of ¢ at dp/{p = 0.1, dy/En = 0.01 and dy/En = 0.1.

It is clearly seen that the solid and dotted curves are in close agreement for dp/Ep <
0.1. At dp/&r 2 0.4 the inverse coherence length starts to be practically independent of dg
reaching the value determined by (5.18). This fact is very important from practical point
of view. It says that the parameters of S-FN-S junctions do not deteriorate with increase
of dp, as it follows from the previously obtained [8] result (5.17) (see the dashed lines in
Fig.5.2, Fig.5.3). Moreover imaginary parts of ¢ become very robust against the fluctuation
of ferromagnetic film thickness in the practically important interval dp/&r 2 0.4. From
Figs.5.2,5.3 one can also see that taking into account finite value of thicknesses of films
leads to some increase of decay length.

In Fig. 5.4 solid and dotted lines show the real and imaginary parts of inverse
coherence length ¢ as function of dy/€x calculated from (6.24) and (5.17), respectively, for
two ratio of ferromagnetic film thickness dr/{p = 0.1 and dp/Er = 1 and at the same set

of other parameters ( {y/{r = 10, v = 0.03, v5 = 0.2, Q = 0.5, h = 30).
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general formula
------- limit of thin films
L ---- limit of thick F film
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Figure 5.2. Real part of ¢ versus the thickness of F film dg/{p for two values of dy /&y =
0.1,0.01 (solid lines for ¢ calculated from (6.24), dotted limes for g calculated from formula
for thin films [8], dashed lines correspond to the limit oh thick F film (5.18) ) at 5 /&p = 10,
Q2 =0.5,h=230,vs =0.2, v =0.03.

From the data it follows that an increase of thickness of normal film leads to an
increase of period of oscillations, which tends to infinity at large dy. The decay length also
increases with dy and for dp/{r = 0.1 it practically approaches the value y/ VQ , that is
the decay length of the single normal film.

Figs. 5.5 and 5.6 show the real and imaginary parts of inverse coherence length ¢
as a function of v and g calculated at dy /&y = 0.05 for Ey/&p = 10, @ = 0.5, h = 30. In
Fig. 5.5, v = 0.1 and inset shows the same dependencies calculated for vz = 0.01. In Fig.
5.6, v =0.1,0.03.

There is significant discrepancy between the curves calculated from the general ex-
pression (6.24) for ¢ and from asymptotic dependence (5.17) for ¢ previously obtained in [8].
This discrepancy the larger the smaller is the suppression parameter vg. This result is ob-
vious since the expression (5.17) is not valid at small 5. From direct comparison of the
curves we can conclude that in practically important range of v 2 0.1 within the accuracy
of 20% we may use the results of [8]- [10] for v = 0.2.

Figure 5.7 shows the dependencies of real and imaginary parts of ¢ upon thickness
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Figure 5.3. Imaginary part of ¢ versus the thickness of F film dp/&p for two values of
dy/&v = 0.1,0.01 (solid lines for ¢ calculated from (6.24), dotted limes for ¢ calculated
from formula for thin films [8|, dashed lines correspond to the limit oh thick F film (5.18))
at Ex/Er =10, Q = 0.5, h = 30,75 = 0.2, v = 0.03.

of F film calculated for {y/&p = 10, = 0.5, h = 30, v = 0.03, dy/&v = 0.05 and the
set of parameters yg = 0.2,0.1,0.01 (solid lines, dashed lines, dotted lines, respectively).
Inset in this figure shows the same dependencies obtained for smaller value of exchange
energy h = 5. It is clearly seen that Im(¢) has a maximum as a function of dp/&p. The
position of the maximum shifts to larger F layer thickness with yp decrease. At v = 0.2
the maximum of imaginary part has the value max(Im(q)) ~ 0.5¢y, which is achieved at
dr/&r =~ 0.1. For smaller suppression parameters yg = 0.1 (7 = 0.01) the maximum of
imaginary part equals to Im(q) ~ 2/3¢r (max(Im(q)) ~ £r) and is achieved at dp/Ep ~ 0.13
and dp/{r ~ 0.2, respectively. Inset in Fig.5.7 also demonstrates that both position of the
maximum of Im(¢) and its absolute value depend on exchange energy h. Decrease of h
shifts max(Im(q)) to larger ratio dp/&r and simultaneously suppresses the value of this
maximum. From the structure of expression (6.24) for ¢ it follows that its imaginary part
Im(q) has a maximum as a function of exchange energy h. Indeed, at h — 0 the period
of I¢(L) oscillation tends to infinity, which is equivalent to Im(q) — 0. At large h the

imaginary part Im(q) oc h~/2, that is also goes to zero with h increase. At dp/&p > 0.4
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Figure 5.4. Imaginary part of ¢ versus the thickness of N film dy /&y for two values of
dr/&r = 0.1,1 (solid lines for ¢ calculated from (6.24) and dotted limes for ¢ calculated
from formula for thin films [8]) at {n/&p = 10, Q = 0.5, h = 30, v = 0.2, v = 0.03. Inset
shows real part of ¢ versus the thickness of N film dy /&y at the same parameters.

both Im(q) and Re(q) saturate and practically become independent on F' layer thickness.

Figure 5.8 shows the dependence of Im(q)/ Re(q) as a function of dr/{p. The cal-
culations have been done for v = 0.01, {y/6r = 10, Q = 0.5, and for two values of
suppression parameter 7 = 0.03 (solid line), v = 0.1 (dotted line). The values of exchange
energy h have been equal to 10 and 30, as it is marked in Fig.5.8 by arrows. The curves
presented in Fig.5.8 can be also used for minimization of period of I oscillations. Actually,
the maximum of ratio Im(q)/ Re(q) corresponds to the minimum decay per one period. It is
obvious that this maximum is located near maximum of Im q. Therefore the position of this
maximum shifts to smaller dp with increase of exchange energy or suppression parameter
.

If we want to fix the value of max(Imgq) in the vicinity of £y and to shift this
maximum to the largest dp, we should choose suppression parameter vz in the range of
0.01 (for large dr) and perform the fitting procedure in order to estimate suppression
parameter v and exchange energy h. For instance, we may find that for h = 30 maximum

of Im(q) is of the order of &y and it is achieved for v = 0.03 at dr/{r =~ 0.18, while for
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Figure 5.5. Real and imaginary parts of g versus the parameter v (solid lines for ¢ calculated
from ( 6.24) and dotted limes for ¢ calculated from formula for thin films [8]) at x5 /&r = 10,
Q =05, h =30, dr/lr = 0.5, dy/Ex = 0.05 and v = 0.1. Inset shows the same
dependence at v = 0.01 and the same other parameters.

h =10, v = 0.03 the maximum is shifted to dr/{r ~ 0.3. The smaller the exchange energy
the thicker should be the thickness of F film to get Im(g) in the range of {x. Thus for h = 5,
v = 0.09 the maximum is achieved at dr/&r = 0.45. From the data presented in

Fig.5.7 and Fig.5.8 it follows that for all mentioned above sets of parameters the
ratio Im(q)/ Re(q) ~ 0.6 and does not exceed this value.

For thick F film dp/&p >> 1/+/h the maximum of I'm(q)/Re(q) is achieved at small
g — 0, h >> Q and €y /dy+/h/2 >> Q and this maximum relation is Im(q)/Re(q) ~
0.4.

5.3 Thickness dependence of the critical current.

The critical current (5.12) of the studied S-FN-S Josephson junction (see Fig.5.9)
is a function of two arguments. They are the distance between superconducting electrodes
L/¢n and the thickness of ferromagnetic film dp/{r. The dependence of Io(L/Ey, dr/EF)
have shown in Fig.5.9. It has been calculated from (5.12), (6.24) for h = 10, dx/{n = 0.05,
vg = 0.01, v =0.03, ygr/vny = 1 and T = 0.57¢.
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Figure 5.6. Real and imaginary parts of ¢ versus the parameter g (solid lines for ¢ cal-
culated from ( 6.24) and dotted limes for ¢ calculated from formula for thin films [8]) at
En/Er =10, Q2 =0.5, h =30, dp/{r = 0.5, dy/En = 0.05 and two values of v = 0.1, 0.03.

In the limit dp — 0 period of critical current oscillations tends to infinity (see Fig.
5.9) and I decays monotonically with L, as it must be for SNS Josephson junctions. With
dp, increase (see Fig. 5.10) the dependence of critical current as a function of L /&y has the
form of damped oscillations. The decay length of these oscillations is different for different
thickness of F film. The most intensive suppression is localized in the vicinity of dp/{r =~ 0.6
since Re(¢) has maximum at this thickness of F layer. It is seen that the suppression of I is
smaller for thicker (dp > 0.6§r) and thinner (dr < 0.6{r) F films. Period of I oscillations
decreases with dp achieving the smallest value at dr/{r ~ 0.3. Further increase of dg results
in increase of this period. Finally in the range of thickness dp/&r > 0.5 both period of
I oscillations and decay length are nearly constant. In the interval of F layer thickness
dr/&r 2 1 the position of zeros of Io(L, dr) undergoes oscillations as a function of dr (see
insert in Fig.5.10). They take place around values L = L,, under which I¢(L,,dr) = 0 at
dr > &p. The amplitude of these oscillations decays with increase of dp. It is interesting to
mention that the larger is L,,, the more intensive are the amplitudes of the oscillations. This
behavior can be easily understood from the form of ¢(dr) dependence (6.24). In the vicinity

of L = L, the critical current is small due to the 0-7 transition of I as a function of L.
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Figure 5.7. Real and imaginary parts of ¢ versus the thickness of F film dp/¢p for v5 =
0.2,0.1,0.01 (solid, dashed and dotted lines) at {y/Er = 10, Q = 0.5, h = 30, v = 0.03,
dn/&n = 0.05. Inset shows the same dependence for h = 5.

Under this condition any small variations of ¢, which occur due to factor coth (d P \/6 /€ F)
in (6.24) start to be important giving rise to the discussed I¢(L, dr) behavior.

Figure 5.11 shows the I+(L, dr) dependencies calculated at fixed values of L under
h =10, dy/{n = 0.05, v = 0.01, v = 0.03, vgr/vey =1 and T' = 0.57¢.

In the small L domain the properties of the S-FN-S junction do not depend on the
structure of weak link region. The critical current I is practically independent on dg, so
that there is no transition from zero to 7 state on I (dr). With the increase of L the I (dr)
dependence becomes apparent (see Fig.5.9) resulting in suppression of I. This suppression
is different for different thicknesses of F film. The strongest suppression is realized in the
vicinity of dr /& & 0.3. This fact is illustrated in Fig.5.11(a) by the line corresponding to
the ratio L/{y = 1.3. It is seen that at this value of L/¢y the suppression of I is smaller
for thicker (dr > 0.3¢r) and thinner (dp < 0.3¢p) F films. At L/{y ~ 1.67 and dp ~ 0.3¢p
the magnitude of critical current for the first time reaches zero, while the sign of I does
not change.

With further increase of L the L/x, dp/&r plane starts to be subdivided into two

regions separated by the line along which the junction critical current is equal to zero. The
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Figure 5.8. Ratio of imaginary part of ¢ to its real part versus the thickness of F film dp/{p
for two values of v = 0.03,0.1 (solid and dotted lines) at {x/&r = 10,v5 = 0.01,dn/En =
0.05, 2 = 0.5, and h = 30, 10.

boundary between the regions has two branches (see Fig.5.12). The first one is located at
dp < 0.3¢p. It starts from the first critical point (L. /&y, dpe1/Er) =~ (1.67,0.3) and dpq
the smaller the larger is L. The second branch located at dp > 0.3¢g. It starts from the
same critical point and for large dr asymptotically verge towards the line L = L exhibiting
damped oscillation around it. As a result, any cross-section presented in Fig.5.9 dependence
of Io(L/én,dr/Er) by a perpendicular to L axis plane in the region 1.67 < L/&y < 2.87
should give a dependence of I-(dr) having the typical shape shown by solid line (L/&{y =
1.8) in Fig.5.11(a). It demonstrates that in this range of distances between S electrodes
(1.67 < L/&n < 2.87) for any given L there is a nucleation of only one 7 state in between
of two zero states in Io(dr) dependence. The interval of dp in which the 7 state exists,
becomes wider the larger the L. Note also that for 1.67 < L/{y < 2.87 only 0 -state can
be realized for large dp/&r 2 0.8.

The number of transitions between zero and 7 states in Io(dp) increases by asymp-
totically approaching the line L = L;. This is illustrated in Fig.5.11(b). At (L/{y = 2.6)
there are still only two transitions, namely, from O-state to m-state and from 7 to zero state.

At (L/&n ~ 2.8702) in the zero state domain there is nucleation of the next critical point at
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Figure 5.9. Normalized absolute value of critical current versus the thickness of F film
dr/&r and distance between the superconducting electrodes L/&y for v = 0.03,v5 = 0.01,
éN/gp = 107dN/§N = 005, h = 10, fYBN/’VBF = 1,T = 05TC

dr/ép ~ 1.7. In it o = 0, while the sign of I is kept positive for all dr/{p 2 0.8. Further
increase of L leads to generation of additional 7 state in the vicinity of dp/&p &~ 1.7 as it is
shown in Fig.5.11(b) by solid line. The closer L to L; the larger is the amount of zero to 7
transitions. As it was already pointed above, this behavior of critical current at L/{y ~ L4

is a result of small oscillations of Im(g) which occur at large dr. Note that in the region

L = L; —0 S-FN-S junction always is in the zero state at dp — oo.
Contrary to that, for L = L; 40 it is 7 state that is finally established in the limit of

large dp (see the dotted line for L/¢x = 2.8729 in Fig.5.11(c)). Further increase of L leads
to the reduction of thickness intervals in which the zero states exists. They collapse one by
one with L. The last stage of this process is shown in Fig. 5.11(c). It is seen that transition
from (L/{y = 2.8729) to (L/{y = 2.92) leads to reduction of the zero state located in
vicinity of dp/{p = 1. At (L/&n =~ 2.95) it completely shrinks, so that Io becomes always
negative at dp/{p 2 0.2. As a result in the distance interval 3.5 < L/{y < 6.5 the typical
shape of I¢(dr) dependence for a fixed L has the form of the curve presented in Fig.5.11(c)

by the line calculated for L/{y =~ 3.5. There is only one 0-7 transition, which occurs at

75



10" | _
i =
= 107~ ks
|_
R ‘“
5 L ae00s S, 7
= [ e =0.05 |
10®%] ---- d /=03 |
IR d /e.=0.6
T .
5 10 15
L/e,

Figure 5.10. Normalized absolute value of critical current versus the distance between
electrodes L/&y for v = 0.03,v5 = 0.01, {5 /&p = 10,dn/En = 0.05, h = 10, vgn/v8F = 1,
T = 0.5T¢ for several thicknesses of F film dr/&r = 0.05,0.3,0.6, 1.Insert shows the same
dependence for dp/ép = 1.5,1.8,2,2.2.

dr/&p =~ 0.2. It is the first branch of the locus of point at which I = 0 on L/{y,dr/Ep
plane.

It is seen from Fig.5.9, Fig.5.12 that at L/{y ~ 6.5 and dr/{r ~ 0.32 there is a
nucleation of the next critical point. Again the two branches start to propagate from it.
They produce the next boundary on L/{y,dr/Er plane, thus subdividing this plane into
three regions.

The first branch is located at dp/&r < 0.32. It propagates along L nearly parallel to
the already existing in this domain branch generated at critical point L. /&y, dpa/ér) =
(1.67,0.3). In the narrow zone between these branches the junction is in the 7 state. The
second branch is located at dp > 0.32¢p. Starting from the second critical point for large dp
it asymptotically verges towards the line L. = Ly = 10.089 exhibiting damped oscillations
around it. Quantitatively the behavior of I (L, dr) in the vicinity of L = Ly and at slightly
larger L is the same as we discuss above. There is increasing number of zero to 7 transitions
as soon as L — Lo —0 and the collapses of 7 states in the L = Ly +0 region with L increase.

Finally in the interval 10.32 < L/&y < 11.5 there are only two transitions of I¢(dr) and at
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Figure 5.11. Normalized absolute value of critical current versus the thickness of F film

dp/§p for v = 0.03,y5 = 0.01, {&n/&p = 10,dn/ény = 0.05, h = 10, vpn/vBr =
1, T = 0.5T¢ for several distances between the superconducting electrodes L/&y =

1.3,1.67,1.8,2.6,2.8702, 2.8705, 2.8729,2.95,2.95, 3.5.

dr/&r 2 0.012 there is only zero state of the critical current.

5.4 Conclusion

In this Chapter Josephson effect in S-FN-S structures under condition of relatively
large suppression parameters ygy and ygr at SN and SF interfaces was discussed. General
expression for the critical current of these structures, applicable for arbitrary values of
suppression parameters at FN interface and in the practically important case of relatively

thin normal film and arbitrary thickness of a ferromagnetic layer were derived. It is shown
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Figure 5.12. (L,dp) phase diagram for S-FN-S junction at v = 0.03,v5 = 0.01, {x/&p =
10,dy/En = 0.05, h =10, vy /v8r = 1,T = 0.5T¢.

that the critical current of the junction, /-, exhibits damped oscillations as a function of a
distance L between S electrodes. It was demonstrated that for typical values of exchange
energy h ~ 30 and in the limit of thin F and N layers ((dr < 0.1 and dy < Ey) the
results obtained for the critical current cross over to the previously derived in [8]. It is
qualitatively clear that the considerations performed in [9]- [10] for more sophisticated S-
FNF-S Josephson junctions are also valid in this parameter range. Further increase of
dy results in increase of both period of Io(L) oscillations and its decay length. The 0-
7 transition point shifts to larger L, so that the properties of the structure continuously
transform into those of S-N-S devices.

Increase of dr is accompanied by more complicated processes. The period of I
oscillations and the decay length have minima as a function of dr. The maximum value of
dp at which these minima can be achieved for typical values of h is dr/{p < 0.6.

In the practically interesting range of F layer thickness dr 2 £r the dependence of
Ic(L) is qualitatively the same as previously found in [8]. There is continuous transition
from zero to m state with increase of L. Noticeable exceptions are narrow intervals of L
located in the vicinity of L = L, where L, is the distance at which Io(L,,dr) = 0 for
dr > &p (see insert in Fig.5.10 and Fig.5.11). In these intervals the position of the point at

which I = 0 exhibits damping oscillations as a function of dr and number of transitions
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from 0 to 7 states in Io(L,dp) increases under L — L,,. Outside these intervals sign and
value of I are independent on dp for dp 2 &p. This fact is very important for possible
applications of S-FN-S Josephson junctions and S-FNF-S spin valve Josephson devices.

These calculations have shown that to fabricate the proposed S-FNF-S structures it
is favorable to have the thickness of the N film in the range dy =~ 0.1 + 0.2§y. For typical
decay length high-conductivity metals, £y, of the order of 100 nm this restriction results in
dy ~ 10-+-20 nm. This range of dy thicknesses is ordinary used in fabricating SNS Josephson
devices. In our particular case this interval of thicknesses provides the required coupling
strength between the polarized electron subsystems in the two F films, and simultaneously
such dy range is sufficient to support superconducting correlations induced into from the
S electrodes.

From the data presented in Fig.6 it also follows that the smaller is the suppression
parameter vg at the FN interface, the smaller is the decay length of I and the period of its
oscillations. Typical values of specific boundary resistance at a sharp metal interface [19],
RpA =~ 107" Qcm?, and typical values of pr&p product are close to each other resulting in
ve < 1. Increase of vp does not strongly influence the decay length, which tends to £y when
~vp goes to infinity. Contrary to that, the period of I~ oscillations depends stronger on .
It goes to infinity in the limit of large vp thus preventing the experimental observation of
0 to 7 transition. Therefore we may conclude that the smaller is suppression parameter vg
the stronger is the interaction of polarized electrons in the N film of S-FNF-S junctions and
the better are the conditions for realization of effects predicted in [8]- [10].

It is also necessary to note that in these calculations we have chosen the suppression
parameter v equal to 0.03 or 0.1. For small g, this suppression parameter has to be small
in order to prevent strong suppression of superconductivity induced into N film due to the
proximity with the F films. For v < 0.1 the superconducting correlations in the F films are
supported due to the proximity effect and the back influence of F films on superconductivity
in the N part of FNF trilayer is small. The conclusion about smallness of v comes also from
inequality (5.15). For dy/éx =~ 0.1,drp/{r ~ 1,h = 30 and v — 0 the rough estimate
from inequality (5.15) gives v << 2.

The restriction v < 0.1 is not too strong since for typical values of py&n and ppép
products their ratio just provides the necessary small values for the v parameter.

Finally,t his analysis shows that for practically interesting interval of F layer thick-

ness dp 2 &p the parameters of S-FNF-S spin valve devices are very robust to variations
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of dr if the distance between superconductors is not very close to the critical points L,,, at

which the I = 0.

5.5 Appendix

5.5.1 Solution of linearized Usadel equations

It is convenient to write the general solution of the boundary value problem (5.1)-

(6.8) in the form

Oy(z,y) = Pn(y) + Z An(:p)cos%L_L), (5.19)
Cp(z,y) = Pp(y)+ Z Bn(:p)cosw, (5.20)

where @y (y) and ®r(y) are asymptotic solutions of Eq.(5.1),(6.32) at the distance far from
FN interface

® ( )  GoA cos & cosh ﬂ _isin 2 sinh 2L§_2;2’
NY) = vVQysN sinh s=—=— 2§NQ cosh s==~= 2{ DTN} )
cos £ coshQL 2y Zsmﬁsmhé‘ 2y
Pr(y) = \{;glof ( sinh o ;F T cosh o :m) . where &vg = Ev/VQ, Epa =
&r/ \/6, while functions A, (z) and B, (z) satisfy the following boundary problem
62
&%,WA”(:U) —usA,(z) = 0, (5.21)
82 9
&7 Bux) ~u2Bu(x) = 0 (5:22)
Q0 Q
—§N An(O) - ﬁAn(O) + B,(0) = R,, (5.23)
0 Q
QGOA ip n —ip
Ry = == (62+(—1)ez), (5.25)
0 0
—A,(d 0, —Bu(—dp)=0. 5.26
L) =0, L B.(~dp) (5.26)
Here Q = |w|/7Te, Q = &/7Te and
1 ¢ 1€
i = —— 22 — —— 20 (5.27)

N 7T7”L£N 2 N 7T’I”L£F 2 ~
un—\/( 7 ) +Q, vn—\/( 7 ) + Q. (5.28)



Solution of (5.21)-(5.26) has the form

R, yv,$2 cosh {m dy un}

An(z) = — 555 i tady , (5.29)
n éN
R, u,, cosh { ngF vn}
B,(z) = , 5.30
(@) 0, sinh % ( )

where d,, is defined as:

nd
On = YBUpUy, + U, coth Unr (5.31)

-+ yv, CO
&

undN
En
5.5.2 Calculation of supercurrent across S-FN-S junction.

To calculate the supercurrent across the S-FN-S junction we substitute of the ex-

pressions (5.19)-(5.20), (5.29)-(5.31) into formula for the general formula for supercurrent

o = 52 5 3, -

w=—00
o0

mTW n
Z WZ/ waa Qo] -

w=—00

The calculations gives Ig = I¢ sin ¢, where

e}

A2 TWey
€PN Z

Ic = [Zk S+ (5.32)

N dr dn /vy
\/6&\7%251; sinh g% \/_fN’VBN sinh g7

and W is a width of junction in the direction perpendicular to axes Oy and 0x. The last
two items in (5.32) determine the critical current of the structures with ether ferromagnetic

(SFS) or normal (SNS) interlayers [4], [15]- [18]. By S; we define the ordinary and double
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sums:

o0 . o0 .
NKp Uy SID 75 NKpUy SiN 5
LI Dl RN D D i M
ne—o0 UnOn N —o0 UpOp
KUy, COS 75 KnUp COS 5
ne—o0 UnOn Ne—o0 UnOn
o
5 . Undp 2 Vpdp Y
sinh Y22F ginh ‘mer
n,m=—00 &r ér
o
ClrmUnU
Sg = E — Zm == — L, (5.33)
sinh YN ginh LniN
n,m=—00 éN EN
sinh Wotvm)de g} n—vm)dr
I = §F 193
v = + )
Un + Um Up — Um
sinh (un+um)dy sinh (un—um)dn
I = N En
u = + )
Up, + U, Up — Um
o _ nsin 5t cos Tt Kk
nm - 5 5 )
mvn

and coefficients k; are

by = \/6@2?97 oy = —VQ&Rqm
~vprL? sinh ﬁ ’ ~vpn L2 sinh 25% ’
Le — VO b, — —n (5.34)
o vpn L2 sinh £ T L cosh 2=’ '
BN 2%Ne YBN BTN
_ mENER S
ks = 75 0 Ko =775

Expressions (6.14)-(5.34) are the main mathematical result of this work and are the
subject of more detailed analysis given below. They give the general expression for the

critical current of S-FN-S Josephson structure.

5.5.3 Ciritical current of S-FN-S junction.

To calculate the sums (5.33) we may use the procedure known from the theory of

functions of complex variables

Z f(n)sin(mn/2) = gZM, (5.35)
k

n=—00 cos(m/2zy,)
n;oof(n)cos(ﬂn/Q) = —g;%j (5.36)

where res(f(z)) is residue of function f(z) at the critical point zj. From (5.33) it follows

that there are critical points z, = #iLv/Q/(éym) and 2z, = iiL\/ﬁ/(fpﬂ'), which are the
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roots of equations u(z) = 0, and v(z) = 0, respectively. In addition there is also an infinite

number of zj, which are the roots of equation:
d(z) = 0. (5.37)

Applying the procedure (5.35)-(5.36) to calculation of (5.33) it is possible to show that the
last two terms in expression for I (5.32) are exactly compensated by the parts of these
sums, which are calculated from the residue at critical points z = z, and z = z,. Therefore
critical current (5.32) can be expressed as the sum of terms resulting from the application
of the rule (5.35)-(5.36) to ( 5.33) at z = z.

Our analysis have shown that the value part of z; consists of a root having the
lowest real part, z = 2,;,, and the two systems of roots. In the first system, z; n, there
is an item in the real part of z; n, which at large k increase with the number k of the
root as kfn/dy, while in the second, 2 r, this increase is proportional to k{p/dp. Below
we will restrict ourselves to the consideration of the limit at which z,,;,, makes the major
contribution to the junction critical current, i.e. |zpm| << |2z|. It can be shown that
the lowest value among the roots of z; r group is achieved at the limit of large dr and is
bounded by \/6L/ (m€p). The lowest value of second group of the roots, 2 y, is bounded
by /&/d% — Q(L/(7€y)), the value at which 2 v are approached to in the limit of small

v. Thus under the condition

2| << |[VQLJ (€2, (5.38)

[2min] << [\ &X/dX — QL/ (m&)))| (5.39)

we can rewrite equation (5.37) in the form

uzz_f_N ’7\/6
dy 73\/6+coth{g—§\/6}

(5.40)

and for z,,;, finally get

L ’7\/6 fN

Zomin, = 1 — —— > + Q. (5.41)
TEN 73\/5+ coth {z—i\/ﬁ} dn

Note, that the imaginary parts of the roots of both groups (zj r, 2 n) do not exceed their

real parts. It means that inequality (5.39) guarantees the smallness of Re z,,;, compared

to Re(zk,r, 2kN)-
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Assuming further that the total contribution to I from the all the residues at critical

points z;>1 is small compared to that at z = 2,

1
Re - >> g+ Xy, (542)
Zymin SINN T 2Zim
= |Re 5.43
Z 2k, F(N) smh T2k, F(N) ( )
we arrive at the following expression for IC:
e W GEA?K* (Sp+ S
I, = =~ ~Re Z ’ r+ Sv) (5.44)
e fyBNpN D2w?g&y sinh(qL)’
2vd 2vd d
Sp = 5—5[1—1— UFsinhl UF} hv—F
En 93 93 £’
2ud 2ud d
Sy = 7{1+ UON inh~! uN}—COhu—N,
En En En

where u = /Q — ¢%£%,, v = 4/ Q- ¢?¢%, and characteristic inverse coherence length ¢ is

given by

q:i IS 7\/6
vy | dw 73\/6+coth{g—§\/6}

The coefficients k£ and D in (5.44) have the form

+Q. (5.45)

_ 1 vnvér 1

+7 coth — coth — +

§N §N §F fN §F
§r Y

+ ( v—+——) oth “0N |
s SN SN SN

dr & vdr
+(7 ufFfNJr ) oth 92

U an g_F_ dF
* <”B+75N>+5N< sF) (9:40)

From (5.39) and (5.41) it follows that the approximation (5.45) for ¢ is valid if

D= (dN §F dp) udN UdF

§%2 << A <<, (5.47)
nh&x &N

where

L7 VIR 4 b,
n= fracdpépr >> 1/\/5 (5.48)
\/’VB +2yp5E 3k + d2h2, & << 1/Vh.
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where h = H/mTcsgnw. To get (5.47) we additionally restricted ourselves by considering

the most interesting from practical point of view situation when
h >> T/Tc, fp << fN. (549)

It follows from inequalities (5.47) and (5.48) that the range of validity of expression (5.41)
is the larger, the smaller is the parameter v and thickness of F film dg or the larger is vpg.
At v =0 or yg — oo rigid boundary conditions take place at NF interface and expression
(5.41) is valid for arbitrary thickness of the normal film.

From (5.42)-(5.43) it follows that in the limit of thin F and N films, dp/ép << 1/vh
and dy/En << 1/v/Q, the result (5.44)-(5.46) is valid if the conditions (5.47) are fulfilled.

The inequality (5.42) provides also the restriction on the thickness dr and dy of
F and N films. Physically, it comes from the fact that with dp (dy) increase the full
supercurrent flowing across F (N) film is enlarged proportionally to dr (dy). Therefore the
smallness of this current component compared to contribution to I, which is accumulated

in vicinity of FN interface, results in

dpRe(q) << exp {é\/ﬁ} . (5.50)

Q

dy Re(q) << exp< L £ —ql . (5.51)
En

Finally we should take into account that the form of the boundary conditions (6.2) is

valid for relatively large ypy thus providing additional restriction for application of (5.44),

which sets the limit on the distance between superconducting electrodes

1 1
L >> Re <— arctanh ) . (5.52)
q YBNGEN

From (5.45), (5.49), (5.52) it follows that inequality (5.50) is always fulfilled for experimen-
tally reasonable thickness of F layer and does not apply a serious restriction on the use of
(5.44).
Taking into account the inequality (5.47) we can further simplify the expression for
the critical current (5.44) and transform it into the formula
21T dy W - GEA?
= — Z 0

I : :
T e Enian w2qéy sinh(qL)

(5.53)

w>0
in which the dependence of I (dg) enters only via functional dependence ¢(dr) determined
by (5.45). It is important to note that to use expression (5.53) it is enough to be in the

range of parameters, which guarantees the implementation of (5.47).
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Chapter 6

Josephson effect in superconductor /ferromagnet

structures with different geometries

Introduction

Among the most appealing recent experimental results are: the first obser-
vation of double suppression of superconductivity in Nb/Cu,Ni;_, bilayers (z =
0.59), which provides evidence for a multiple reentrant superconducting state [4]; the
demonstration of existence of a long-range proximity effect predicted in [3] in Nb-
Cu/PdNi/Cu/CoReCo/Cu/PdNi/Cu-Nb Josephson junctions, where the direction of mag-
netization vector in antiferromagnetically oriented CoReCo block does not coincide with
that of PdNi films, thus creating a weak link region with artificially rotated magnetization
vector [5]; the first observation [6] of strong critical temperature suppression in S-FNF struc-
tures under a small off-orientation of magnetization vectors in initially antiferromagnetically
ordered FNF block, which is a sequent of generation of long-range triplet component pro-
viding a strong connection of NF part of the multilayer to the S film [12]; visualization
of supercurrent spatial distribution in SIF'S devices with various arrangements of 0 and m
segments [7].

Despite of noticeable achievement in understanding of the physical background of
superconducting spin valves, in which either critical temperature T or critical current I
is controlled by mutual off-orientation of magnetization vectors M; 5 of individual F films
located inside of a spin valve, they are still far from practical realization. Among the reasons
are relatively large values of exchange energies H in F films resulting in very fast decay of
superconducting correlations into a ferromagnet [13], [14], as well as the problems in supply
of off-orientation of M; 5 in Josephson spin valves.

Recently [8] - [11] it has been shown that both problems can be effectively solved
in novel types of S-FN-S and S-FNF-S Josephson junctions. In these structures the weak
link region consists of FN or FNF multilayer which separates the superconducting banks,

while a supercurrent flows in the direction parallel to FN interfaces and is injected across
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the end-walls of FN or FNF structure. There are two kinds of proximity effects in these
junctions. The first one is the penetration of superconductivity into normal metal from
superconducting electrodes. The second one is the suppression of the induced supercon-
ductivity due to interaction between N and F layers. It is obvious that for nontransparent
NF interfaces the S-FNF-S junction should have the same characteristics as that of SNS
devices and the decay length of superconducting correlations into the complex weak link
region should coincide with that for the normal metal, £y, if the distance between super-
conducting electrodes L are larger than the scale gy of superconductivity decay into F
films. In [8]- [11] it was also shown that switching on interaction between N and F metals
results in generation of a set of decay lengths. Moreover, it was demonstrated that it is
possible to find the conditions under which at least one among these lengths has both real
and imaginary parts of the order of 5. In S-FNF-S Josephson devices there is no limitation
on thickness of N film and it can be made thin enough to realize an effective control upon
the junction parameters by changing the mutual orientation of magnetization vectors of
ferromagnetic films [10].

The choice of junction geometry considered in [8]- [11] was based on existing concept
[15], [16], that in such ramp type configuration the critical current I is larger than in
overlap geometry, when S electrodes are located on the top of weak link multilayer. In
this paper Chapter this statement is reconsidered andit is demonstrated that it valid only
for the fully transparent interfaces between S electrodes and a weak link region. Three
different geometries of Josephson junctions: (1) SN-NF-NS devices which consist of two SN
complex electrodes connected by NF weak region; (2) SNF-N-FNS structures, in which N
film connects two SNF complex electrodes and (3) SNF-NF-FNS junctions with S electrodes
located on the top of FN bilayer are studied. Critical currents of these Josephson structures
in the framework of linearized Usadel equations for arbitrary length of complex electrodes
will be discussed and then it will be compared with the results for the above three cases and
those obtained in [8] - [11] in order to determine the geometry which provides the largest
magnitude of the critical current. Also in this Chapter it will be demonstrated that 0-7
transition in the considered structures can be driven not only by variation of distance L
between S electrodes, as predicted by known models, but also by changing the length d of
the SNF overlap region.
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6.1 New geometry of SFNS junctions

Consider multilayered structures presented in Fig.1 and Fig.2. They consist of su-
perconducting electrodes with the length d deposited on the top either a single N film
or on NF bilayer. The bilayer consists of ferromagnetic (F) and normal metal (N) films
having a thickness dp, and dy respectively (see Fig.6.2). The junctions shown in Fig.6.1b
and Fig.6.2d are the structures having ramp type geometry intensively studied previously
(see [1] - [3], [15] and [8] - [11]). The width of layers in the direction perpendicular to the
current flow is equal to W and the distance between electrodes is L. For simplicity it is
suggested below that the parameters ygy and vgr which characterize the transparency of
NS and FS interfaces are large enough to neglect the suppression of superconductivity in S

part of the proximity system.

a) | s - S

b) | s N~ s

Figure 6.1. a) SN — N — NS junction, b) the SN.S junction.

Cl) S S C) S S

b) | s = d) | s J S

L F |

Figure 6.2. a) SNF — NF — FNS junction, b) the SN — NF — NS junction, c) the
SNF — N — FNS junction, d) the S — NF — S junction.

Under the above conditions for dirty limit the problem of calculation of the critical

current in the structures reduces to solution of the set of linearized Usadel equations [1]
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- 3], [17]

PP
gN{ 82}%—9%_0

0? 82 ~
&r { 8y2 } bp —QPp =0, (6.1)

where Q = |w|/7T.,Q = (lw| + iHsign(w)) /=T, & r = (Dnp/27Te), Dy g, are diffusion
coefficients, w = 7T'(2n + 1) are Matsubara frequencies, H, is exchange integral of ferro-
magnetic material. The x and y axis have been chosen in the directions perpendicular and
parallel to the plane of N film and put the origin in the middle of structure at FN interface
(Fig.6.2a,b,d) or at the lower free interface of N film (Fig.6.1, Fig.6.2¢).

Equations (6.1) must be supplemented by the boundary conditions [18]. For the
structures presented in Fig.6.1b, Fig.6.2d they have the form

fyBNéN%@N — 4G exp {ﬂg} y=<L/2,

0
’YBFfFa—yq)F = £GoAexp {ilg} , y==+L/2, (6.2)
while for the junctions presented in Fig.6.1a and Fig.6.2a,b,c they can be written as
0 P
fVBNgN_(I)N :GerXp{iZ—}, .T:dN. (63)
ox 2
At SF interfaces (see Fig.6.2d) we also have
0 Q ®
T op = +2GoA {i'—}, — +1/2. 6.4
’YBFfFay F Q- €Xp | = 5 Y / (6.4)

Here L is the distance between superconducting electrodes, Gy = w/vw? + A2, A is the

modulus of the order parameter of superconducting electrodes.
At the FN interface located at (z = 0) the boundary conditions have the form [18]
fN SF

) Q
’VBfFa—xq)F +&p = ﬁq)zv, (6.6)

where v = RpsAps/prér, v = pnén/prér, Rps and Apgs are the resistance and area of
the NF interface.

The boundary conditions at free interfaces come from the demand of an absence a
current across them and reduce to equality to zero of appropriate derivatives, e.g. for the

junction presented in Fig.6.2d they look as

0
0



The formulated above boundary problems can be reduce from two-demensional to

one-dimensional in the limit of small thicknesses of N and F films
dy < &y, dp < &p. (69)

This procedure have been described in detail in [8] - [10], and the range of its validity has
been examined in [11]. Below we will apply the developed in [8] - [10] approach to the
junctions presented in Fig.6.1, Fig.6.2 mostly being concentrated on the discussion of the

obtained results. The details of calculations are summarized in Appendix.

6.2 Ciritical current of SN-N-NS Josephson junction

SNS [SNfoNS
C » +C

The expressions for the critical currents, I , of SNS junction shown

in Fig.6.1 are well known in the considered model [1]. They have the form

dyn — r
Yo gINNT 6.10
© {v <= gsinh(qL)’ (6.10)

SN—-N-NS K > r sinh2 (qd)
Ic - Z 3 ’

Envdy = ¢*sinh(q(L + 2d))
where coefficient K = 27TW)/(RpnApnyBNE), ¢ = f;,l\/ﬁ is inverse decay length and

T = A?/(w? + A?).

(6.11)

As it is shown in Appendices A-C expression (6.11) is also followed from the more
general formula for critical current of SNF-NF-SNF devices shown in Fig.6.2a in the limit

of small thickness of F film (dp — 0).

The ratio of these two critical currents, I /Iy

, is visualized in Fig.6.3 as a
function of thickness of normal layer, dy, for several lengths of complex electrode d/&n =
0.5,1,10. It is clearly seen that there are intervals of parameters under which critical current
of SN-N-NS junction can essentially exceed of 129, The physics of this effect is evident.
In the considered limit of small SN interfaces transparency for ramp type geometry
(Fig.6.1a) under condition L >> 1/q the magnitude of induced into N metal ®y functions
at SN interfaces is close to
GoA
YBNENY

(I)N(dN) = , ’YBNSNq >> 1, (612)

while in the case of overlap geometry (Fig.6.1b) for dy << 1/¢ magnitude of ®y functions

induced into N metal is in the first approximation on dy /&y independent on coordinate x
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and is equal to

_ GoA
VenéNGPdy
From (6.12), (6.13) it immediately follows that the large factor vy in (6.13) can be renor-

(I)N(dN) ’)/BNfNQQdN >> 1. (613)

malized by a small ratio of dy/¢x thus leading to effective increase of superconductivity at
the interface between the N film and SN composite electrode compare to the strength of

superconducting correlations at SN boundary of SNS ramp type devices.

6.3 Critical current of devices with F film in weal link

region

To calculate the critical current of the junctions shown in Fig.6.2 under conditions
(6.9) one have to solve the boundary problem (6.1) - (6.7) and substitute the obtained

solution into general formula for supercurrent:

o0

—itTW L /r., 0
oo TS L el

€Pr —dp

w=—00
o0

inTW e )
_ Z =), [Cb“”Na_yq)“’N}' (6.14)

€PN

w=—00
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The details of this procedure are allocated in Appendix.

It is shown there that in the practically interesting limit of strong N film

(v >>(r, v >>EF. (6.15)

the critical current of SNF-NF-FNS (Fig.6.2a), SN-NF-NS (Fig. 6.2b) and SNF-N-FNS
(Fig. 6.2¢) structures

SNF—-NF—-FNS K i PUql sinhQ(qld)

I - = , 6.16

© Endy £ sinh(q (L + 2d)) (6.16)
_NF— K > I'qy

I 2 2 Re : 6.17
N K - r

[gNF N-FNs Re Uq (618)

B deN n—0 qu,q + PCIMI
can be expressed by formulas (6.16), (6.17) and (6.18), respectively. Here functions Q(«, (3),
P(a, ), and U are defined as

2 coth (ad) cosh (bL) b
Qap = (ad) (bL) , (6.19)
a
, b% coth? (ad
U2C2 CZ 2
U= |—2N 6.21
() o2
where ¢, is fundamental wave vector of the problem:
1 o
qi = Sl + o’ - V2 = 02 4G, (6.22)
while v and v
1 Q 1 Q h
u2:(_+—>’ U2:<—+—+i—)’ 623
GTa G'a'a 022

are partial wave vectors. The parameters (r and (y are the coupling constants (& =
vedrér, (% = ypdn&n/7y, which describe the mutual influence of N and F films on su-
perconducting correlations in the junction.

Strictly speaking the formulas (6.16), (6.17), (6.18) are valid in the limit of thin N
and F films (6.9). However making use of the formalism developed in [11] it is possible to
prove that all of them can be also valid for arbitrary thickness of F film if one simply use in

(6.16), (6.17), (6.18) the more general expression for fundamental wave vector ¢;, namely

1 En 7\/6

— + Q. (6.24)

q1 = - = =
"o /B ¢ o {3
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Expressions (6.16), (6.17), (6.18) can be simplified in several practically interesting
cases.

In the limit of large d (d >> 1/q,1/¢1) both coth(¢qd) — 1 and coth(q;d) — 1. As
a result for SN-NF-NS and SNF-N-NFS junctions one may use the same formulas (6.17),
(6.18) with more simple forms of functions Q(«, #) and P(a, 3)

2cosh (bL) b

Qap = 2cosh (bL) b : (6.25)
a

b2

P, = sinh (bL) (1 + ?) : (6.26)
while for SNF-NF-FNS junction
poveveeeys 1R ReZFU exp(—qi L) (6.27)
C - 2 gNdN gt q1 p q1 . .

In the limit of large distance L between S electrodes, L >> 1/q,1/q; the main
contribution to the sums in (6.16), (6.17), (6.18) comes from the first item and for the
critical current of SNF-NF-FNS, SN-NF-NS and SNF-N-NF'S one can get, respectively:

[S'NF—NF—FNS . 2K Rei PUql exp(—qlL)

— _ 6.28
¢ Endn © (14 coth(gd))? (6.28)
_NP- 2K = T —q L

Igzv NF-NS _ RQZ q1 exp( a1 ) o (6.29)
Evdn 2= q* (g + g1 coth(qd))
=T L

[éNF N-FNS Re Z Uqq} exp (—qL) . (6.30)
deN (@1 + g coth (q:d))?

Below the obtained results (6.16), (6.17), (6.18) will be compared with the the value

of the critical current calculated in [8] for ramp type SFNS junction

1 BN &N )2

ISFNS—K " Re r P &G 6.31
% ¢ sinh(q1 L) 630

It is necessary to mention that in the limit of decoupled F and N films (v — 00)
expressions for the critical currents (6.16, 6.17, 6.18) reduce to the formula for SN-N-NS
devices (6.11), while the critical current of SENS ramp type structure (6.31) transforms to
that (6.10) valid for SNS junctions.

Fig.6.4-Fig.6.9 show the phase diagrams for critical current, which in (L/&y,d/EN)
plane gives the information about the sign of /.. In the areas marked in Fig.6.4-Fig. 6.9 by 0
and 7 the critical current is positive (0-state) and negative (7-state), correspondingly, while
the lines give the point curves at which I, = 0. The position of these curves in (L/{y,d/En)
plane also depends on relative thickness (dp/&p and dy/€n) of both F and N films.
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The phase diagrams for SNF-N-FNS structures are given in Fig.6.4 and Fig.6.5. In
this geometry there is the only N film in the region between SNF multilayers. The inverse
coherence length ¢ = £4'v/Q in N film is real, therefore there are no oscillations of critical
current in the structure.

The calculations show that in this case there can be only one curve on the (L/{y,
d/&n) plane, at which . = 0 for fixed other parameters. The existence of only one point
curve for SNF-N-FNS structure can be understood from the following argumentations.
Contrary to well studied SF'S junctions the coherence length in the part of weak link region of
SNF-N-FNS devices located between SNF electrodes is real, thus preventing the oscillations
of function ®5 in that region of the N film. The oscillations of condensate function exist
only in the NF part of weak link located under the S electrodes. Obviously, under these
circumstances the sign of I. must be only controlled by value of condensate function at
the boundary between the SNF electrodes and the N film connecting them. This value
of condensate function determines two complex coefficients, A;, and, A, (see (6.58) and
(6.59)). In combination with nonoscillatory decay of ®yfunction into the N film from the
SNF electrodes these coefficients provide only two choices for the sign of I. and only one
curve at which I, = 0. This is in contrust to SFS devices with F film in between of S -
electrodes. In the latter case the sign of I. depends also on relation between the geometrical
size of a junction and the imaginary part of the coherence length (the period of oscillations
of the order parameter). It is combination of these two factors that provides the opportunity
to have multiple changes of I.. sign and infinite number of curves at (L/Ey,d/En) plane at
which I, = 0.

Therefore in the considered SNF-N-FNS structures there is only one of these two
factors and only one opportunity for I. to change its sign, which can be realized or not
depending on the parameters of the structure.

The position of the transition curve calculated for fixed ratio dy/{x = 0.1 and several
values of dp/{p = 0.04,0.1,0.2 is show in Fig.6.4. The location of the curve depends on dg
by nonmonotonic way. At drp = 0 there is only O-state in the structure. With the increase
of dp, the curve first shifts to the left bottom corner of the phase diagram, then it turns
back and at some critical value of dp it tends to infinity, thus providing only O-state in the
structure with further dr increase. Such nonmonotonic behavior is due to nonmonotonic
behavior of ¢; from (6.24).

Figure 6.5 shows (L/&y,d/¢n) phase diagram calculated for fixed ratio dp/&p = 0.1
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Figure 6.4. (L/&n,d/€n) phase diagram for SNF-N-FNS structure for dp /£ = 0.04,0.1,0.2

(solid, dashed, dotted lines) at v = 0.1, vg = 0.1, dn/{n = 0.1, En/Ep = 10, T/Te = 0.5,
H/nTe = 30.

and several values of dy/{y = 0.05,0.1,0.2. It is seen that with dy increase the point
curves at which /. = 0 shifts in the direction to the right corner of diagram providing the
increase of area for 0 state. This fact can be understood if one takes into account that
under fixed dg the lager is N layer thickness the smaller is the influence of the F layer on
the junction properties. It is obvious that at dy = &y the critical current of SNF-N-FNS
junction will tends to that of SN-N-NS since the current will flow in the areas located closer
to S electrodes thus decreasing the probability to have SNF-N-FNS structure in the 7 state.
Also it is important to mention that at some fixed parameters only O-state or w-state can
be realized for any L, and at some fixed parameters only O-state can be realized for any d.
The phase diagrams for SN-FN-NS structures are given in Fig.6.6 and Fig.6.7. Figure
6.6 presents the data calculated under fixed value of dy /&y = 0.1 for a set of ratio dp/{p =
0.08,0.1,0.2, while Fig.6.7 gives diagram obtained under fixed value of dr/&r = 0.1 for a
set of parameters dy /&y = 0.08,0.1,0.15. In this geometry there is the only N film in the
complex SN electrodes. The inverse coherence length ¢ in N film is real value. Consequently
both 0 and 7-states in SN-FN-NS junctions can be realized due oscillatory behavior of
superconducting correlations in NF region inside the weak link area, which connects SN
electrodes. So there are infinite number of point curves. The point curves at which I, = 0

looks like practically vertical lines thus demonstrating weak influence of overlap distance d
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Figure 6.5. (L/&n,d/&n) phase diagram for SNF-N-FNS structure for dy /&y = 0.05,0.1,0.2
(solid, dashed, dotted lines) at v = 0.1, yg = 0.1, dp/{r = 0.1, En/Er = 10, T/Te = 0.5,
H/7Te = 30.

on alternation of 0 and 7 states in the junction.

Finally, Fig. 6.8, Fig. 6.9 give (L/{y,d/¢n) phase diagrams for SNF-FN-FNS junc-
tions. In these structures coherence lengths are complex both under superconductor in
complex SNF electrodes and in NF part of weak link region. The appearance of 0 or m
state in this case depends also on matching these oscillations at SNF/NF boundary. As a
result the point curves at which /. = 0 are not as vertical as them one can see in Fig. 6.6,
Fig. 6.7 thus demonstrating their strong dependence on both lengths L/¢x and d, and the
0—m transition with d increase is not so sensetiv to L variations as for SN-FN-NS structure.

Fig. 6.10 shows dependence of absolute value of normalized critical currents of SNF-
NF-FNS, SNF-N-FNS, SN-NF-NS and SFNS junctions as a function of L/{y for infinite
length of SN interface d. It is seen that at given magnitude of L /&y critical current of SN-N-

SN—-N-NS

NS junction, I , has the maximum value among all others. This fact is obvious since
in this structure there is no additional suppression of superconductivity provided by the F
film. If we compare the value of Ix far from the 0 - 7 transition points for all other con-
sidered structures, then we may have I, >[50 NS S NN S ppnines
This sequence of values are due to consecutive increase of suppression of superconductivity
provided by F film.

In SN-FN-NS junctions in the considered region of parameters the superconducting

correlations are suppressed by F film only in weak link region, thus providing the large
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Figure 6.6. (L/&y,d/¢Nn) phase diagram for SN-FN-NS structure for dp/{r = 0.08,0.1,0.2
(solid, dashed, dotted lines) at v = 0.1, vg = 0.1, dy/{n = 0.1, En/Ep = 10, T/Te = 0.5,
H/7Te = 30.

value of Io. In SNF-N-FNS junctions the critical current is smaller than in SN-FN-NS
devices due to suppression of superconductivity in SNF part of the structure. Due to it
the decay of superconducting correlations into N part of weak link starts from the values,
which are smaller than in SN-FN-NS devices.In SNF-FN-FNS devices there is suppression of
superconductivity in all parts of structure by F film. Finally in SNFS ramp type structures
the critical current has the smallest value. In SN-N-NS and SNF-N-FNS junctions I decays
with L without oscillations. However as it follows from the phase diagram presented in Fig.
6.4, under the chosen set of parameters the SNF-N-FNS structure is the 7 state, so that its
critical current is negative, while SN-N-NS is always in 0-state.

The decay length in NF part of SN-FN-NS, SNF-FN-FNS and SNF'S devices is com-
plex providing damping oscillations of I as a function of L. The period of these oscillations
and their decay length are the same for all the junctions and controlled by bulk properties
of NF part of weak link. The initial conditions for these oscillations at SN/NF, SNF/FN
and S/NF interfaces are different resulting in shift of the oscillations along L axis.

Figure 6.11 shows the amplitude of critical current of SNF-FN-FNS, SN-FN-NS,
SNF-N-FNS structures versus the length of SN interface in complex electrodes calculated
under fixed ratio of L/{y = 2.

From the presented curves it follows that critical currents have a tendency to increase

with d as tanh?(d/¢y), while at large d they arrive at independent on d values.
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Figure 6.7. (L/¢n,d/&y) phase diagram for SN-FN-NS structure for dy/{y = 0.08,0.1,0.15
(solid, dashed, dotted lines) at v = 0.1, yg = 0.1, dp/{r = 0.1, En/Er = 10, T/Te = 0.5,

H/7nTe = 30.

The continuous support of superconductivity from the S electrodes along all the SN
interfaces results in considerable difference between I(L) and I-(d) dependencies. The
last may have only one sign change of I as a function of d.

It is also necessary to note that maximum of Io in Io(d) dependence maybe not
necessarily achieved in the limit of d — oo. For instance, at dy/{y = 0.2 and d/{y = 0.5
(see Fig. 6.11¢) the magnitude of I¢ is fifty times larger compared to the value, which is

reached at d — oo. This strong enhancement may be important for practical applications

of these structures.

6.4 Conclusion

In this Chapter three types of SFNS Josephson junctions with different geometries of
electrodes (S electrodes are on the top of N film) and weak links are considered. Analytical
expressions for critical currents of these structures were derived. These expressions are
valid in the limit of thin normal and ferromagnetic films, hence one can use expressions for
critical currents with more accurate formula for inverse coherence length (6.24) for films
with arbitrary thickness.

The ramp type junctions are not absolutely favorable both from technological and

applicable points of view, critical current /- of SN-NF-NS, SNF-NF-NFS or SNF-N-NFS
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Figure 6.8. (L/{n,d/én) phase diagram for SNF-FN-FNS structure for dp/{p =
0.07,0.08,0.1 (solid, dashed, dotted lines) at v = 0.1, v = 0.1, dn/En = 0.1, {5 /Ep = 10,
T/Te = 0.5, H/xTe = 30.

junctions can be even large compared to that in the ramp type structures under the same
suppression parameters at NS interface and distance between S electrodes. The largest value
of critical current can be achieved in SN-NF-NS junction in which there are no additional
suppression from F film under S electrode.

In such structures 0 — 7 transition takes place not only under increase of the distance
between the superconducting electrodes, but also as a result of the length change of the area
of Cooper pair injection under the S electrodes. Hence there is single transition compared to
multiple transitions with the increase of L. In SNF-N-FNS structures, in which coherence
length of weak link is not complex, the critical current can change sign as a function of
distance between superconducting electrodes.

In ramp type devices the weak link area is determined by geometrical factors, namely
by the distance L between superconducting electrodes. Under conditions, which minimizes
suppression of superconductivity in the S electrodes, the initial values of anomalous Green’s
function at SN and SF interfaces are strongly fixed by the boundary conditions and tran-
sition from 0 to 7 states in /(L) dependence is a result of interplay between the complex
value of decay length into NF bilayer and its geometrical size L.

In the structures presented in Fig.6.2 a,b,c under the same quality of SN interfaces,
the area of the weak link may not coincide with the distance between superconducting

banks since suppression of superconductivity induced into NF bilayer can occur due to
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Figure 6.9. (L/¢n,d/En) phase diagram for SNF-FN-FNS structure for dy/éy =
0.04,0.05,0.07 (solid, dashed, dotted lines) at v = 0.1, y5 = 0.1, dp/Er = 0.1, En/EF = 10,
T/Te = 0.5, H/nTe = 30.

proximity effect between this bilayer and the part of weak link which is not covered by a
superconductor. It means that the boundary conditions at SNF /NF interfaces are soft and
do not fix the initial conditions for Io(L) dependence thus providing additional degree of
freedom responsible for 0 to 7 transition in the considered structures. This feature is most
clearly revealed in SNF-N-FNS junctions. In these devices the decay length in the part of
N film located between SNF electrodes is a real quantity, which prevents the oscillations
of function ®, in that region of the N film. However, 0 to 7 transition may take place
in these structures under a change of their transport parameters despite of the absence of
oscillations of function ® in the area between SNF electrodes. It is worth to mention that
in the last case there is a possibility for only a single 0 to 7 transition. From practical
point of view it means that making use of SNF-N-FNS geometry provides an opportunity
to fabricate a junction definitely in the 7 state keeping simultaneously large value of its
critical current.

The second important conclusion of this consideration is demonstrated in Fig. 6.10 .
One can see that the absolute values of the critical current of the considered devices exceed
those in SNFS ramp-type junctions. This difference comes from the fact that in ramp-
type configuration superconducting correlations are induced directly into the interelectrode
coupling area through the cross section of N and F films. In the considered limit of small

SN interface transparency this results in small values of superconducting correlations (on
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Figure 6.10. Io for SN-N-NS, SEFNS, SNF-N-FNS, SN-FN-NS, SNF-FN-FNS structures
versus L/&y calculated for x5 /6 = 10, T/Te = 0.5, H/wTo = 30, dy/ény = 0.1, dp/&p =
0.1.

the order of A/ypy) induced in the vicinity of S/N interface. Contrary to that, in the
overlap geometry the superconducting correlations induced into the area located under S
electrode can be large enough, on the order of A/(vpndy/En) if dy is considerably smaller

than &y.

6.5 Appendix

6.5.1 Calculation of supercurrent for SNF-NF-FNS junction.

To calculate critical current of SNF-NF-FNS Josephson junction in the framework of
formulated model it is enough to solve linearized Usedel equations for condensate functions
of normal (®y) and ferromagnetic ($x) films in weak link region, as well as for condensate
functions in N films under left (®yq) and right (®x2) superconducting electrodes. These

equations have the form

0? 0?
£ {@ + 8—y2} Oy ninve — Py Nvine = O,
0? 0? ~
§12u {@ + 8—y2} Sppipa— QPppipe = 0. (6.32)
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They should be supplemented by the boundary conditions on SN interfaces at x = dy

0 .
’VBNgNa_xq)Nl,N2 = GoA expT@/?, (6.33)

where sign minus (plus) should be chosen for left (right) S electrode. At FN interface

located at x = 0 the boundary conditions have the form:

0 0
%Va_xq)N,Nl,NQ = 7%%@1?,1?1,1?2, (6.34)
£ g@ + &p = 9@ (6.35)
B Fax F,F1,F2 F1 = 0 N,N1,N2, .
while at free interfaces
0
a_yq)Nl’NQ = 0, Yy = :F(L/2 + d) (636)
0
—o =0 =F(L/2+d
ay F1,F2 , y=F(L/2+d)
QCI) = 0, xz=-d (6.37)
oy CRFLF2. =, = —dp .
0
il - =d 6.38
837 N 07 X N ( )

they follow from the demand of preventing a current flow across them. Finally at the
interfaces between complex electrodes and weak link region (at y = FL/2) all the functions

and their first derivatives should be continuos:

0 0

— =—0 6.39

8y N1,N2 8y N> ( )
Pni N2 = P, (6.40)

0 0

— =—0 6.41

By FLF2 = 5 OF (6.41)
(I)FI,F2 == (I)F (642)

In the considered limit of thin F and N films
dyv <&y, dp <&p,

the two-dimensional boundary problem (6.32) - (6.42) can be reduced to a one-dimensional
one. To do so we suppose that in the main approximation condensate functions do not

depend on the coordinate z,

Oy nive = Avvine(Y), Prrire = Brrre(y), (6.43)
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and that their derivatives with respect to x can be expressed as follows:

o Q A
o 9) °B
0 Fé};l,Fz . {5 Brpirs — 8;7;;171:2} (z +dp). (6.44)
F

After substitution of (6.43) and (6.44) into the boundary conditions (6.34), (6.35) we
arrive at one-dimensional differential equations in respect to functions An ni n2(y) and
Br r1.r2(y). Solution of thus obtained one-dimensional boundary problem for the weak link

region can be expressed in the form:

An = A cosh (q1y) + Agsinh (q1y) +

% 9 (B; cosh (goy) + Basinh (gay)) (6.45)
Br = Bj cosh (gay) + By sinh (gay) —
fF 0 (A; cosh (q1y) + Assinh (q1y)) (6.46)
where fundamental wave vectors of the problem:
G = gl + 07 F o 07— ) 4G, (6.47)
u2:(%+%>, 02:<é+%), (6.48)

and (3 = ypdrér, (X = vpdNén/7, B = (¢ —v?)~L

The appropriate solutions for F and N films located under S electrodes are

An1nve = Air12 cosh(qry) + Aia20 sinh(q1y)+
ﬁ Q

C = (Bi1,12 cosh(qay) + Bia2e sinh(qay)) — NeFiv/? (6.49)
N Q
Brp1,pa = Bi1.12 cosh(gay) + Bia 2o sinh(gay)—
ﬁ Q Fip/2
C (A11 12 cosh(qry) + Ai200 sinh(qry)) — Fe (6.50)
ja

The integration coefficients in (6.45), (6.46), (6.49), and (6.50) can be found by

substituting these expressions into the boundary conditions. This procedure leads to

cos(p/2) sinh(q:d) FB(y* — N

A sinh(q1(L/2+d)) v+1 (6.51)
A isin(p/2) sinh(q1d) FBCY* — N
? cosh(qi(L/2+d)) v+1
B _ cos(p/2) sinh(god) NB(p2 + F
YT sinh(g(L/24+d) v+l
B, _isin(p/2) sinh(god) NB(R2+ F

cosh(g(L/2+d)) v+1 7
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where

1 W23 (E GoA
Envdn 1 — 4v2u*C3CE N
Q 1 G GoA,
ﬁdeN 1 — 402u?C3CE vpy

and v = 32(2 (2
By substituting of the solution (6.45), (6.46), (6.51) into general formula for super-

current (6.14) we obtain the expression for supercurrent in the SNF-NF-FNS structure:

Is = (Icq + Ico) sin(yp), (6.52)

where

_ KGR oy el (Lt v2B)* (v + 1)~ " sinh(gad)?
= GZO (1 _ v2u2C%C]%[)2 Slnh(qg(L + 2d)) )

K = ¢, (V3R — ﬁ)Q (v + 1)_1 sinh(q;d)?
Red 0 i P s L+ 24)

and T' = A?/(0Q? + A?).
In the limit (y >> (p, &n >> Ep, the part of the full critical current, /o, is small,

so that the magnetidute of I of SNF-NF-FNS structure is reduced to

[SNFfNFfFNS' . K i FUql sinh(qld)Q
© sinh(q1 (L + 2d))

~ Endy

w=0
6.5.2 Calculation of supercurrent for SNF-N-FNS junction.

To calculate supercurrent across SNF-N-FNS junction we should sligtly change the
procedure discribed in Appedix A by taking into account the appearance of additional three

interfaces in the structure. Since the current can not flow across them instead of (6.42) we

should use
0
a_(bFl,FQ = 0, y=FL/2, —dp < 2<0, (6.53)
Y
0 L L
Z oy = =0, ——<y<-=. .54

In the limit of thin F and N films dy < &y, drp < &, the of solution of Usadel equations

in the N film of weak link has more simple form compare to (6.45):

Ay = A cosh (qy) + Agsinh (qy) , (6.55)

106



while in FN bilayer under S electrodes it closes to that of (6.49), and (6.50)

ANt n2 = Ar1,12 cosh(qry) + Aqz,00 sinh(qry)+
5 Q

_'__26 (Bll,12 COSh<QQy) -+ 312722 51nh(q2y)) — N€$i<p/2, (656)
N
Br1,r2 = Bi1.12 cosh(qay) + Bia 22 sinh(gay)—
Ba A h A h FeTiel? 6.57
CF ( 11,12 cosh(qry) + Aqg 00 sinh(quy)) — Fe . (6.57)

The integration constants in (6.55), (6.56), (6.57) can be found from the boundary condi-

tions. In particular for A; and Ay one can get

—-N 2
A = cos{p/2} , (6.58)
(qu +vQy, 1 ) / (v + 1) tanh % + cosh %
—1iN si 2
Ay = iNsin {2} . (6.59)
(Quug +¥Quug) / (v +1) + sinh 2
Substitution of (6.55), (6.58), (6.59) into general formula for supercurrent:
W > N
[ = Z u)2 / |: —w N8 w N}
in the limit (y >> (g, En >> §F leads to
n- K =~ IU
NN T Re a (6.60)

Endy = Qqug+ Parg’
where functions @, , and F,, , are determined by Eq. (6.19) and (6.20), respectively.

6.5.3 Calculation of supercurrent for SN-NF-NS junction.

To calculate of supercurrent across SN-FN-NS junction we should change the pro-
cedure discribed in Appedix A by taking into account the abcence of F film in complex
SN electrode. To do this the boundary conditions (6.42) in appropriate regions should be

replaced by
0

—0p = 0, y=FL/2. —dp Sw <0, (6.61)
Y

0 L L

—d = =0,.=-< < —4d .62
g DNLN2 0, x=0, 5 = ly| < 5 + (6.62)

In the limit of thin F and N films dy < {n, dp < &p, solution of the boundary problem

in the weal link can be found in the form
Ay = Ajcosh (q1y) + Az sinh (q1y) +
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3Q

+C—: (Bj cosh (gay) + By sinh (qay)) , (6.63)
N
Br = By cosh (quy) + B sinh (¢oy) —
B Q
Xy (A1 cosh (q1y) + Ay sinh (q1y)) , (6.64)
F

while for it in the N films located under S electrodes they are
An1ne = A1z cosh(qry) + Ao 9o sinh(qry) — Net/?, (6.65)

Integration constants A, Ay, By, By in (6.63) - (6.65) can be found from the boundary

conditions resulting in

cos {¢/2} ¢ 2GoA/(EndnyBN)

Al = )
cosh &% + (VQ%,%/Q +Qpu (v + 1)) tanh 4k

isin{¢/2} ¢ 2GoA/(EndnyBN)
sinh & + p tanh? (%) Quz a1 /24 Q,u (v + 1)’
w ¢ sinh (¢1L/2)
¢z |w| g2 sinh (gL /2)’

(
w q cosh (q1L/2)
A (T

Ay =

(6.66)

A1

(6.67)

(6.68)

Substituting this result into general formula for supercurrent (6.14) in the limit
(N >> (p,&n >> &p we arrived at the following formula for critical current of the SN-FN-

NS junction

~NF- K - Lgy
ISN NF—-NS _ R .
¢ ’ ZO *(Qq.a + Foar)
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Figure 6.11. I for a) SNF-FN-FNS, b) SN-FN-NS, ¢) SNF-N-FNS structures versus d/&x
calculated at £y /&p =10, T/Te = 0.5, H/nTe = 30, dp/ép = 0.1, L/Ey = 2.
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Summary

The main goal of this thesis is to present theoretical study of physical foundations
for creation of fundamentally new devices for nanoelectronics, spintronics and supercon-
ducting electronics. Superconducting spintronics is a rapidly developing area of modern
nanoelectronics. Significant interest is due to new fundamental effects in structures con-
taining ferromagnetic and superconducting layers, as well as the possibility of utilizing these
effects for the spin valves. There are serious restrictions on the operating parameters of
known prototypes of superconducting spin valves, in which control of the critical current
and critical temperature is possible. As a consequence, there is a need to improve their
performance by exploring new design solutions based on the characteristic features of the
proximity effect in S / F heterostructures. Another class of spin switches uses the idea
of changing the critical current in SF'S Josephson junctions by creating conditions for the
generation of triplet order parameter components which are odd functions of the electronic
energy. Research on the triplet superconducting correlations that arise in multilayered
structures containing superconducting, normal, and ferromagnetic layers is very timely for
creation of a new class of effective spin-valves.

In Chapters 2 and 3, on the basis of the microscopic theory of superconductivity,
analysis of processes in Josephson nanostructures which area multilayered structures con-
sisting of alternating layers of normal (N) and ferromagnetic (F) metals, was performed.
Considerable interest in such Josephson structures is due to the fact that they are important
for the creation of a new type of spin valves and so-called 7- junctions with a negative value
of the critical current I. Currently fabricated structures with F layers have typical scale of
decay of the critical current and period of oscillations in the range of few nanometers. This
fact considerably complicates the practical use of such structures. In Chapters 2 and 3 a so-
lution to this problem is offered. This solution allows to increase characteristic dimensions
by almost two orders of magnitude. It also shows that both the magnitude and sign of the
critical current can be controlled by changing the mutual orientation of the magnetization
vectors of individual F films of FNF multilayer structures in Josephson junctions. This

work transforms the problem of interplay of ferromagnetism and superconductivity from a
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purely fundamental to practical area.

In Chapter 4, FNF structures with the magnetization of ferromagnets, oriented at
an arbitrary angle relative to each other, were investigated. In such structures the triplet
component of the spectrum of the superconducting correlations arises. In Chapter 4, the
fact is proven that the triplet component in S-(FNF)-S junctions leads to the emergence of a
new type of 7 - contact. This 7 - contact arises from the superposition of two contributions
to the critical current which do not oscillate with junction length. The presence of such
7w - contact can be used as an experimental confirmation of the existence of the triplet
component. It was also found that the effective control of magnitude and sign of the
critical current of S-(FNF)-S spin valves can be achieved at small angles of rotation of
the magnetizations from the antiferromagnetic configuration, which is more energetically
favorable than the complete remagnetization of the structure.

In Chapters 2-4, results were obtained for limiting case when N and F films are thin
in comparison with their coherence lengths. In an experimental situation, this condition
is easily achieved for a normal metal. However, its realization for the ferromagnetic layers
presents certain difficulties. It is for this reason, in Chapter 5, the effect of finite thick-
ness of the ferromagnetic films and normal S-FN-S transition in the critical current was
analyzed. It is shown that for an arbitrary film thickness, the critical current oscillates as
a function of the distance between superconducting electrodes, hence the damping length
and oscillation period depend strongly on the thickness of the films. Thus, for arbitrary
thickness of the films the results obtained in the thin film limit are also qualitatively appli-
cable. If the thickness of F is larger than the coherence length, then the damping length
and the oscillation period do not depend on the thickness of the F film. For thickness of
a ferromagnet much larger than its coherence length, one can define critical distances L,
when I changes sign. It is shown that for thickness of ferromagnet comparable to the
coherence length, strong variations of I~ occur as a function of thickness of the F film if the
distance between superconducting electrodes L is close to L,. These results are important
from a practical point of view, because one can create junctions with parameters that do
not depend on the spread of geometric and transport parameters of structures, the inherent
in any technological process.

A second major technological constraint on the fabrication of the S-FN-S and S-FNF-
S structures proposed in Chapters 2-3 was that they are ramp type junctions. In practice it

is much more convenient to work with structures that have only parallel boundaries between
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layers. To address this shortcoming, junctions in which the S electrodes are placed on top
of the FN structure were studied in Chapter 6. Three different geometries were considered:

- SN-NF-NS structure, which consists of two SN electrodes connected by an NF
weak region.

- SNF-N-FNS structure, in which a N film connects SNF multilayer electrodes.

- SNF-NF-FNS structure, in which the S electrodes are located on top of the FN
structure.

In Chapter 6, the critical current of SFNS Josephson structures was calculated and
the advantages of such geometry were analyzed. The amplitude of the critical current for
an SN-FN-NS-type structure reaches the highest value compared with the other geometries
because of the lack of additional suppression of superconductivity under the electrodes from
the ferromagnetic film. The effect of finite area in SN interface of SFNS junctions with their
electrodes located on top of the FN structure, on the realization of states with negative and
positive critical current sign was studied. It was shown that, besides multiple O-7 transitions
in ramp type structures which are triggered by the variation of the distance between the
electrodes, a single O-7 transition is realized in the new geometry when the length of the
SN boundary increases. This 0-7 transition exists even in SFN-N-FNS structures with

non-ferromagnetic weak link region.
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Samenvatting (Summary in Dutch)

Het hoofddoel van dit proefschrift is onderzoek en ontwikkeling van de fysische
grondslagen van fundamenteel nieuwe devices voor de nanoelektronica, spintronica en su-
pergeleidende elektronica. De supergeleidende spintronica is een zich snel ontwikkelend
gebied van de moderne nanoelektronica. Zowel de aanwezigheid van nieuwe fundamentele
effecten in structuren die ferromagnetische en supergeleidende structuren bevatten, als de
toepassing van deze effecten zijn van significant belang. De gebruiksparameters van bekende
prototypes van supergeleidende spin valves, waarmee de kritische stroom en kritische tem-
peratuur ingesteld kunnen worden, zijn erg beperkt. Daarom is het noodzakelijk om hun
functionaliteit te verbeteren door nieuwe ontwerpoplossingen te onderzoeken die gebaseerd
zijn op karakteristieke eigenschappen van het proximity-effect in S/F heterostructuren. Een
andere klasse van spinschakelaars maakt gebruik van de mogelijkheid de kritische stroom
te veranderen door voorwarden te scheppen waarbij tripletparen voorkomen. Deze triplet-
paren hebben de eigenschap dat de orde-parameter een oneven functie van de Matsubara
frequentie is. Onderzoek aan deze triplet paren, die voorkomen in meerlagenstructuren
die supergeleidende normaal geleidende en ferromagnetische lagen bevatten, ondersteunt
de ontwikkeling van deze klasse van spin valves.

In hoofdstukken 2 en 3 wordt een analyse gemaakt van de processen in Josephson
nanostructuren die bestaan uit afwisselende lagen van normale (N) en ferromagnetische
(F) metalen op basis van de microscopische theorie van de supergeleiding. Deze structuren
zijn van belang voor de ontwikkeling van een nieuw type spin valves en zogenoemde 7-
juncties: Josephson juncties met een negatieve waarde van de kritische stroom Io. In de
huidige structuren is de afhankelijkheid tussen deze kritische stroom en de afstand tussen
de supergeleidende elektrodes S een gedempte oscillatie. De karakteristieke lengtes van de
demping en de oscillaties zijn van de orde van enige nanometers, wat de bruikbaarheid
van zulke structuren aanzienlijk beperkt. In hoofdstukken 2 en 3 wordt een oplossing voor
dit probleem geboden waarbij bijna tweemaal grotere karakteristieke afmetingen bereikt
worden. Ook wordt aangetoond dat zowel de grootte als het teken van de kritische stroom

ingesteld kunnen worden door de relatieve oriéntatie van de magnetisatievectoren in de
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afzonderlijke F lagen van FNF meerlagige Josephson juncties. Door dit werk krijgt het fun-
damentele probleem van de interactie tussen ferromagnetisme en supergeleiding praktische
relevantie.

In hoofdstuk 4 worden FNF structuren met een willekeurige hoek tussen de mag-
netisatie vectoren van de ferromagnetische lagen onderzocht. In zulke structuren wordt
de triplet component zichtbaar in het spectrum van supergeleidende correlaties. In hoofd-
stuk 4 wordt bewezen dat het meenemen van de tripletcomponent leidt tot een nieuw type
m-junctie. Deze junctie wordt gekenmerkt door de superpositie van twee niet oscillerende
bijdragen aan de kritische stroom. Het bestaan van zulke 7-juncties kan gebruikt worden als
experimentele bevestiging van het bestaan van de tripletcomponent. Ook wordt gevonden
dat een effectieve regelbaarheid van grootte en teken van de kritische stroom in S-(FNF)-S
spin valves bereikt kan worden door kleine draaihoeken ten opzichte van de antiferromag-
netische configuratie. Dit is energetisch gunstiger dan de volledige hermagnetisatie van de
structuur.

De resultaten in hoofdstukken 2 tot en met 4 zijn verkregen voor de limiet waar de
lagen dunner zijn dan de coherentielengte in zowel het normale metaal als de ferromagneet.
In het experimentele geval wordt deze limiet gemakkelijk bereikt voor normale metalen.
Voor de ferromagnetische lagen is dit echter problematisch. Daarom wordt in hoofdstuk 5
het effect van een eindige dikte geanalyseerd. Hierbij wordt aangetoond dat de oscillerende
afhankelijkheid van de kritische stroom en de afstand tussen de supergeleidende elektrodes
behouden blijft. De periode van de oscillaties en de karakteristieke lengte van de demping
is daarbij sterk afhankelijk van de laagdikte. Het kwalitatieve gedrag van dikke films on-
derscheidt zich dus niet van de resultaten berekend in de dunnefilm limiet. Als de dikte van
de ferromagneet vergelijkbaar is met (of groter is dan) de coherentielengte dan hangen de
periodes van de oscillatie en de karakteristieke lengte van de demping niet langer af van de
laagdikte. Ook erg belangrijk is het feit dat rond de kritische afstand tussen de supergelei-
dende elektrodes (de afstand waarbij de stroom voor oneindig dikke ferromagnetische lagen
gelijk is aan nul) het teken en de grootte van de kritische stroom sterk athankelijk zijn van
de dikte van de ferromagneet. Buiten deze kleine kritische gebieden hangen de grootte en
het teken van de kritische stroom af van de laagdikte. Deze resultaten zijn vanuit praktisch
oogpunt belangrijk, omdat dit het mogelijk maakt juncties te fabriceren waarbij de eigen-
schappen van deze juncties niet sterk beinvloed worden door de onvermijdelijke spreiding

in de geometrie en transporteigenschappen van de structuren die inherent zijn aan ieder
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technisch proces.

De tweede belangrijke technische randvoorwaarde aan de in hoofdstukken 2 tot en
met 3 beschreven S-FN-S en S-FNF-S structuren is de noodzaak tot zijdelingse contacten
door middel van juncties van het ramp-type. Vanuit technisch oogpunt is het veel een-
voudiger om te werken met structuren waarbij alle overgangen tussen de verschillende la-
gen parallel lopen. Om aan dit problem tegemoet te komen, zijn in hoofdstuk 6 structuren
bestudeerd waarbij de juncties bovenop de FN-structuren zijn geplaatst. De volgende drie
geometrieén worden behandeld:

-SN-NF-NS structuur bestaande uit twee SN elektrodes verbonden door een zwak

NF gebied.

-SNF-N-FNS structuur, waarbij de N-laag twee meerlagen-elektrodes verbindt.

-SNF-NF-FNS structuur, waarbij de S-elektroden zich bovenop de FN-structuur

bevindt.

In hoofdstuk 6 wordt de kritische stroom van SFNS-Josephson structuren berek-
end. Hierbij worden de voordelen van de experimenteel makkelijker realiseerbare struc-
turen waarbij de S elektrodes bovenop de FN structuur geplaatst worden ten opzichte van
de ramp-type SENS juncties gerealiseerd. De amplitude van de kritische stroom bereikt
de hoogste waarde voor de SN-FN-NS-type structuur in vergelijking met de andere geome-
trieén. Dit is omdat de supergeleiding niet extra wordt onderdrukt door de ferromagnetische
laag onder de elektrodes. Het effect van de eindige oppervlakte van de SN-overgang van
SEFNS-juncties waarbij de elektrodes bovenop de FN-structuur geplaatst worden op het
voorkomen van toestanden met positieve en negatieve kritische stroom is bestudeerd. Er
is bewezen dat, in tegenstelling tot de meerdere 0 — 7w overgangen met toenemende afstand
tussen de elektrodes voor de structuren van het ramp-type, er bij structuren met de nieuwe
geometrie slechts één 0 — 7 overgang optreedt met toenemende lengte van de SN-overgang.
Deze 0 — 7 overgang kan zelfs optreden in SFN-N-FNS structuren met een zwakke binding

in een niet ferromagnetisch gebied.
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